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ABSTRACT
An in depth study of temporal chaotic systems, both 
discrete and continuous, is presented. The techniques for 
the characterization of chaotic attractors are: Lyapunov
stability, dimension spectra and unstable periodic orbits. 
Comparison of numerical and analytical methods clarify some 
of the limitations of these techniques. A two dimensional 
hyperbolic baker map with a complete set of unstable orbits 
is examined. The evolution of structure and changes in the 
f(a) spectrum for this map are related to changes in an 
underlining Cantor set. Numerical calculation of unstable 
periodic orbits for a related baker map with an incomplete 
set of unstable orbits allow the investigation of the 
properties of a pruned Cantor set. The effects of the 
pruning on the associated f(a) spectrum are investigated. 
It is also shown that the unstable manifold of a hyperbolic 
toral map does not wind densely around the torus, but 
consists of an infinite number of line segments. This 
facilitates the efficient computation of the dimension 
spectrum through a rotation of this manifold. A new 
structure not previously observed m  discrete systems is 
characterized. Intermittency theory previously applied to 
dissipative systems is applied to a variety of two 
dimensional non-dissipative systems. A new type of 
intermittency is found from a detailed comparison between 
existing theory and numerical experiments. The important 
and unresolved problem of the correspondence between 
continuous and discrete systems is investigated using 
analytical and numerical techniques. Properties of the 
chaotic attractors of infinite dimensional delayed 
differential equations are examined as a function of the 
time delay and nonlinearity parameters.
CHAPTER 1
INTRODUCTION TO CHAOTIC SYSTEMS
1.1 INTRODUCTION
The growth of research papers m  the area of chaos has 
been spectacular in the last ten years. Some scientists 
have even placed chaos alongside the two other great 
revolutions of physical theory in the twentieth century- 
relativity and quantum mechanics. While these theories 
challenge the Newtonian system of dynamics, chaos questions 
the traditional beliefs from within the Newtonian 
framework A century ago, Poincare showed that the motion 
of three bodies under gravity can be extremely complicated. 
His discovery was the first evidence of what is now called 
chaos: the ability of simple dynamical systems, without in 
built randomness, to generate highly irregular behaviour.
The progress m  dynamical systems from which chaos is 
derived, is linked with the rapid development of powerful 
computers. The study of chaotic dynamics reflects in part 
the influence of computers on theoretical physics, for 
chaotic systems are "nonintegrable", and much of the work 
m  the field involves numerical simulations.
Chaos is genuinely interdisciplinary as some of the 
following examples illustrate. In chemistry, sustained 
oscillations in chemically reacting systems, Hudson and 
Mankin (1981), In biology stimulated cardiac cells, Guevara 
(1981), Astronomy, the chaotic tumbling of Hyperion one of 
Saturn's satellites, Wisdom (1987); Economics, the pricing 
of treasury bills, Hsieh (1991). The important link between 
these disciplines it that they exhibit nonlinear behaviour 
and chaos theory is seen as a way of analyzing these
1
systems.
This introductory chapter will illustrate the basic 
principles of chaos m  dynamical systems with a particular 
example, a nonlinear electronic oscillator. The application 
of chaos to turbulence in hydrodynamical systems is briefly 
discussed. The type of dynamical systems that form the 
basis of this thesis and of chaos will be presented m  
Sec. 1.2.
1.2 DYNAMICAL SYSTEMS
The mechanisms which underly the onset of chaotic 
motion are relatively well understood. Two generic routes 
have been discovered and thoroughly analysed, period
doubling (Feigenbaum, 1978) and quasi-periodicity (Ruelle 
and Takens, 1977), m  addition to the intermittent
transition (Pomeau and Manneville, 1980). A complete 
description of developed chaos is, however, much more 
difficult to achieve This thesis is concerned with the 
structure and evolution of developed chaos in temporal 
chaotic systems.
Static fractals are introduced in chapter 3, these 
objects may be multi-dimensional and can have exact self 
similar properties The evolution of Cantor sets is 
examined from the point of view of their generalized
dimensions and their spectrum of scaling indices. The 
relationship between one dimensional Cantor sets and
dynamical systems is well known, this relationship is 
extended for higher dimensional Cantor sets.
All of the systems below are initial value problems. 
It is a common misconception that nonlmeanty is required 
for chaos The first three systems are linear and display 
chaotic behaviour. The stronger condition is an infinite 
set of periodic orbits (Sec. 2.6). The one dimensional 
iterative map
X = A X mod 1 (1.1)i+i i
with A>1 for chaotic solutions is examined in chapter 3.
2
The fundamentals of chaos and the reasons for the existence 
of chaos is examined for this simple map. The orbits of 
this map can be arranged on complete and pruned trees. The 
properties of the dimension spectra and the associated f(a) 
spectra are examined for a range of parameter values A. The 
evolution of chaos in this map from the onset to complete 
randomized time series is investigated.
Hyperbolic systems are are studied in chapter 4. The 
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the parameters satisfy the following conditions for chaotic 
behaviour, 0<R ,R2 1^ and S^l/2. This system is the product 
of a line and a Cantor set. The processes by which a 
strange attractor can be created and the evolution of 
structure in this hyperbolic map will be examined. An 
example of some strange attractors for Eq. (1.2) can be 
seen in Fig. 4.2. A modified form of this map is the 
product of a line and a pruned Cantor set. The effects of 
this pruning on the associated f(a) spectrum is 
investigated. The generalized dimension spectrum can be 
obtained analytically for this map. A comparison with 
numerically generated spectrums is presented in Sec. 2.5.4.
The third linear chaotic systems examined is defined 
on a torus. It is a higher dimensional version of Eq.




d ( 1 . 3 )
with a,b,c and d e [R. To our knowledge this is the first 
study of chaos in this map for noninteger coefficients and 
determinant less than one. New results concerning the 
unstable manifold allows both efficient computation of 
dimension spectra and the analysis of a two dimensional
* 3
Cantor structure, not previously observed in dynamical 
systems.
The following nonlinear iterative map is an example of 
the type of nonhyperbolic system investigated in chapter 5.
X = (A — X - B Y  )X
1+1 i 1 i (1.4)
Y = (A - Y — B X )Yi+l 1 2 l i
with the parameters A, B j and B2. The dynamical behaviour 
of this map varies from simple to highly complex as the 
parameter space is explored. The two main themes of this 
chapter are intermittency and surface attractors (cf. 
Fig.'s 5.8 and 5 9 (a) respectively). Intermittent crisis 
describes sudden changes in a chaotic attractor as a system 
parameter is varied This is the first study of 
intermittent crises in non-hyperbolic systems like Eq. 
(1.4). Numerical calculations of the intermittent constant 
are compared with theoretical values, leading to the 
analysis of a new type of intermittency. The properties of 
chaos on a two dimensional unstable manifold are 
investigated.
The above discrete systems share many properties with 
continuous systems. For continuous systems three degrees of 
freedom and nonlineanty are necessary conditions for 
chaotic solutions. One example of three ordinary 
differential equations are given below
dX/dt = Y (Z - 1 + X 2) + *X
dY/dt = X(3Z + 1 - X2) + kY (1.5)
dZ/dt = -2Z(a + XY)
with constants a and y. A similar set of differential 
equations formulated by Lorenz (1963) has occupied an 
important place m  the history of chaos. Eq. (1.5) is used 
in chapter 6 to investigate the important and unresolved 
problem of the correspondence between continuous and 
discrete systems, using a variety of numerical and analytic 
techniques. The fact that very little of the behaviour of 
these equations can be proved with strict mathematical
4
rigour is a reminder of the subjects intrinsic mathematical 
difficulty.
First order delay differential equations are 
investigated in chapter 7 An example is given below
d d t t ) " A X ( t ~T)2 ^ P W t - ' c ) 2) - 53^ )  <1 - 6 )
Parameters are A, B and r  For delay parameter t  greater 
than zero, this equation is infinite dimensional. Using 
Poincare section techniques the evolution of chaos is 
studied for this system. The concept of a strange attractor 
with an infinite dimension is examined.
None of the above temporal systems can exhibit the 
phenomenon of turbulence because they lack a spatial 
dimension. Partial differential equations are used to model 
turbulence and are not considered due to computational 
constraints. An example of an set of partial differential 
equations used to model a rf-biased Josephson junction 
(Guerrero and .Octavio, 1989) are given m  dimensionless 
form by
- + Sin0 = 1 M  + pSin (fit) (1.7)
S X S t  P 5 t
p is the rf amplitude, /3 is a measure of the damping and Q
the rf frequency. To take into account the presence of an
external applied magnetic field, they use the following
boundary conditions
S<ft( 0,t) _ <3<HL,t) _ v (18)
SX SX
where t j  is a measure of the external field. The
intermittency and the fractal attractors examined in this 
spatiotemporal system have remarkable similarity with the 
purely temporal systems investigated m  this thesis. Low 
dimensional chaos has been observed in a hydrodynamical 
experiment (Stavans et al., 1985), the spatial coherence 
is maintained even after the loss of temporal coherence. 
This should be contrasted with weak turbulence where the 
systems spatial coherence breaks down and chaotic behaviour 
sets in. Stassinopoulos and Alstrom (1992) have used a set
5
of coupled maps (similar to Eq. (1.4) to examine 
spatiotemporal chaos The temporal discreteness of coupled 
maps allows for faster computation of the dynamics since no 
explicit integration is required as in the simulations of 
differential equations.
1.3 EXPERIMENTAL CHAOS
The following electronic experiment is used to 
highlight one possible evolution of a system as a control 
parameter is varied. The details are taken from Su et al. 
( 1 9 8 9 ) .  The circuit diagram for the experiment is shown in 
Fig. 1 . 1  It consists of a resistively coupled diode 
resonator system with modulation. Ashwim ( 1 9 9 0 )  has 
examined similar systems of oscillators. The model that Su, 
Rollins and Hunt use is briefly described as follows. An 
ideal p-n junction diode is assumed with the additional 
three characteristics
(i ) The diode will not conduct until the forward voltage 
drop reaches V .
( n )  When the voltage drop is less than V , the diode does 
not conduct but acts as a capacitor with fixed capacitance 
C
(ni) The diode does not shut off immediately, but 
continues to conduct for a time equal to the reverse
recovery time z , with r depending on maximum forward
r  r
currents
t = £ a z [1 - exp(-I /I )] (1.9)r J m J c
where I is the maximum forward current during the jth
conducting cycle, z and I are diode parameters. Fourm c
cycles are used with being the weights. The coupled 
diode resonator is described by the following set of
differential equations
6
V COS0 -V -R ( i +iJdt ~~ vt 1v'x itx2
di
-¡nr5 = V cos0 -V —R ( 1 +i_)
d t  o  2 1 2
dV 0, when diode 1 is conducting
(1 .1 0 )
i /C^, when diode 1 in nonconducting
di 1
dt




î / C 2 , when diode 2 m  nonconducting
where the drive voltage E(t)=Vocos(wt), and 11/V1, C and 
i , V , C2 are currents through, voltage across and reverse 
capacitance of diodes 1 and 2, respectively. L and R are 
the inductance and resistance shown in Fig. 1.1. The method 
of solution together with typical parameters can be found 
in Su et al. (1989). Figure 1.2 shows several Poincare 
sections formed by plotting peak forward currents I^n) 
versus I2(n) at several values of the drive voltage; all 
other parameters kept fixed. The simulated diagrams are on 
the left with the experiment on the right. The resemblance 
of the Poincare sections obtained from the simulation to 
those measured from the real system is striking, including 
much of the detailed structure.
Fig. 1.1. Circuit diagram used to model the resistively 
coupled diode resonator system.
Some details of the evolution shown in Fig. 1.2 is 
given below. At a drive voltage lower than that used m
7
Fig. 1.2 (a), the Poincare section is a single point. As
the voltage increased the period doubles and the Poincare 
section is two points Then a Hopf bifurcation occurs where 
the two points open into two circles. The ratio of the 
spontaneous frequency to the drive frequency is very close 
to a rational number. Figure 1.2 (b) is near the critical 
line for the quasiperiodic transition to chaos. Universal 
scaling has been shown to occur at this point (Su et al. 
(1987)) Figure 1.2 (c) has developed into a multiple piece 
chaotic attractor from a torus. A two piece attractor is 
shown in Fig. 1 2 (d), for increasing drive voltage This 
development could be similar to the system examined in Sec.
5.5 2 In Fig 1.2 (e) is a quasiperiodic state which
occurs at high drive voltages. There is a sudden transition 
to this attractor, possibly due to intermittency (cf Sec. 
5.4-5.6). Finally, Fig 1 2 (f) is for a different set of




Fig. 1.2. Corresponding stimulated (left) and measured 
(oscilloscope photographs on the right) Poincare sections 
formed by the peak forward currents 12 vs 1^  for the 
coupled diode resonator system. (From Su et al., 1987).
8
has undergone a Hopf bifurcation. The size, shape, and the 
position of the small circles are in remarkable agreement.
There is excellent detailed global agreement between 
the model proposed and the experiment. The success of this 
model suggests that driven diode resonator systems exhibit 
chaotic behaviour because of a delay feedback effect 
related to slow diffusion and long lifetime of the excess 
minority carriers near the p-n junction of the diode. The 
importance of delay feedback effects will be examined in 
chapter 7 This is an example where the chaotic dynamics 




TECHNIQUES FOR ANALYZING CHAOS
2.1 INTRODUCTION
Dynamical systems with only a few degrees of freedom
can, despite the deterministic nature of its governing
equations, exhibit random behaviour. The main tools for
characterizing the properties of a chaotic regime are the
spectrum of Lyapunov exponents the fractal dimension D
and the entropy K. Typical chaotic attractors are
multifractal (Hentschel et al. 1983), that is, their
dimension D and entropy K varies with the index q, ( q e q q
( -o o , + o o ) ) ,  thus providing a spectrum of dimension and
entropy values for the attractor. After introducing the
Lyapunov exponents in section 2.2 and their associated
dimension and entropy we proceed to examine the dynamical
quantities D and K in section 2.3. An alternativeq q
representation in terms of the f(a) spectrum and g(A)
spectrum is examined in section 2.4. An algorithm for the
extraction of the dynamical quantities and from a
single variable time series is discussed in section 2.5.
Data requirements for efficient computation of these
quantities are examined and recent applications to
experimental chaos are also reviewed. Finally in section
2.6 chaotic orbits are explored using the well known set of
periodic orbits. The relationship between the unstable
periodic orbits and the dimensions and entropies can be
determined. Analytic dimension spectra D are compared withq
numerically generated spectra. This comparison highlights 
some of the difficulties in computing dimension spectra 
from single variable time series.
1 0
2.2 LYAPUNOV STABILITY
The spectrum of Lyapunov exponents provides a summary 
of the local stability properties of an attractor. Positive 
Lyapunov exponents measure exponential spreading of nearby 
trajectories, while negative Lyapunov exponents measure
convergence of trajectories onto the attractor.
2.2.1 Lyapunov Exponents
The calculation of a Lyapunov exponent for a one 
dimensional system will considered first. Consider the 
logistic map m  the following form
X = f(X ) = 1  - AX2 (2.1)
i+ i i i
A linenzation about X gives1
e = Df(X )e (2.2)
i + l  1 i
where Df(Xt) = -2AXt The single Lyapunov exponent is
defined as
N
A - lim i I log |Df(Xo) | (2.3)
N >oo i = l
with initial condition X For a single basin of attractiono 3
X is independent of the initial value Xq. For A > 0, we
have a chaotic orbit, for A < 0 a stable (attracting )
orbit. For A = 2 the Lyapunov exponent has a value A =
0.534.
For a n-dimensional system the Lyapunov exponents are 
calculated as follows. Consider the Cr(r^1) vector field
Xj+i = f(Xj, X e IRn (2.4)
and a linenzation about Xj gives
c = Df (X ) e c e \Rn (2.5)
1+1 i 1 '  '
Let {e ,...., c11} be any orthonormal basis in IRn. Then the
Lyapunov exponents A^  along the direction eJ are defined as
lie3 II
A = lim - Y. log ---------  (2.6)
i — >oo 1 i = i  l l c l l
where II II = i/ < . , . > with <.,.> denoting the standard 
scalar product on IRn. This expression gives us information 
concerning the contraction and expansion of phase space but
11
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nothing about twisting and folding. The Lyapunov exponents 
are similarly defined for a continuous system. This method 
of computing the Lyapunov exponents is based on a knowledge 
of the system. Algorithms have been successfully used for 
computing Lyapunov exponents from a time series Zeng et al. 
(1991). These algorithms have also been applied to 
experiments (Eckmann et al , 1986).
The Lyapunov exponents are arranged m  decreasing 
order. The qualitative stability properties of an attractor 
can be conveniently summarized by indicating +,0,-,..- 
accordmg to the sign of each exponent. Thus [ + ,0,-] would 
indicate a chaotic attractor in three dimensional phase 
space. A positive Lyapunov exponent is numerical evidence 
for the existence of chaos. A Lyapunov exponent of 
magnitude zero implies a continuous system since the 
exponent m  the direction of the flow can neither separate 
nor merge.
2 .2 .2  L y a p u n o v  D imens ion  an d  Entro py
Kaplan and York (1979) have put forward a conjecture 
to relate the spectrum of exponents to a dimension. They 
define a quantity called the Lyapunov dimension D given by
i  \
D = J + — - (2.7)
I * I1 j  + i  1
where j is the largest integer for which . . . . +\z.O. 
Another conjecture put forward by M o n  (1980) applies in 
limited situations (Farmer 1980).
When the sum of the Lyapunov exponents, often called 
the divergence, is greater than zero, Eq. (2.7) does not 
apply. In this case
Dl = J (2.8)
where j is an integer representing the total number of
Lyapunov exponents in the system. A one dimensional map,
with Xi>0, has Lyapunov dimension DL~1 0 while a two
dimensional system with ^ + ^ > 0  has dimension Dl=2.
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The Lyapunov entropy Kl i s  defined by, Pesin (1977).
k +
K = I X (2.9)i
1=1
where the sum is over the positive Lyapunov exponents. The 
entropy is a measure of information loss in a system with 
units of inverse time. It is a measure of how chaotic a 
system is, KL=0 for an ordered system while Kl=» for a 
random system. Although a positive Lyapunov exponent 
implies chaos we will see in later chapters that this 
should be interpreted with caution.
2.3 GENERALIZED DIMENSIONS AND ENTROPIES
Suppose that there is an attractor m  phase space and 
the trajectory X(t) is in the basin of attraction. The
state of the system is measured at intervals of time t.
Most definitions of dimension use the notion of
partitioning phase space into boxes of size c. We define 
probabilities Pn ,i , ,i ) to be joint probabilities1 2  d
such that X(t=t) is in box i^ X(t=2t) is in box i ,
,....., and X(t=dx) is in box i . Using these
probabilities, a generalized information of order q (q e IR) 
is defined as,
V c) = ln I Pq « W  ’V (2.10)
*i- *ld
The concept of a fractal (non-integer) dimension D<d of an 
attractor in d dimensional phase space can be derived from 
information considerations, where the dimension describes 
how the information 1(c) scales with varying spatial 
resolution e, according to:
D = — l i m  ( 2 . 1 1 )e-»o ln c
On the basis of I (e) a continuous spectrum of dimensions
of order q (Hentschel et al. 1983) is introduced by
substituting I (c) into Eq. (2.11): q
1 3
In Y Pq (i , i , , i )1 n 1 2 d
n -  _ L  l i m  S 'q q—1 c-> 0  ----------  (2.12)
The most frequently used dimensions are the Hausdorff (or
fractal) dimension Dq, the information dimension and the
correlation dimension D . D and D are obtained in the
2 0 1
limit q->0 and q->1 respectively. For the set of generalized
dimensions it can be shown that D , if q'<q. Theq q
dimensions of different order measure different 
distributions of points occurring on the attractor.
Using the information 1(c) we can define the entropy
K, :
K = ^  1(c) (2.13)
Substituting for I (e), we can also define a continuousq
spectrum of entropies of order q (Renyi 1970):
In £ Pq (ij.i , .id>
K = llm  l lm llm  1 V  (2 .14 )q q-1 C-»0 t->0 d->oo  =-------------------M dx In e
The limit q>0, yields the so called topological entropy, 
whereas the limit q>1+ is the metric or Kolmogorov entropy. 
The qth order dimensions of an attractor are static 
invariant, since they do not depend on any time scale. 
However the entropy is a dynamic invariant property, it has 
to be specified per unit time.
Table 2.1.
Dimension and entropy values, for different types of 
attractors. (1<n<»).
Attractor Type Dq Kq
Period n fixed point 0.0 0.0 for all q
Period n limit cycle 1 .0 0.0 for all q
2-Torus 2.0 0.0 for all q
Strange Attracctor D q ^ Dq' K q —Kq' / .q <q
For strange attractors the set D contains informationq
on the appearance and statistical properties of the chaotic 
time series. Table 2.1 gives a summary of this dimension
1 4
set and entropy set for number of well known attractors.
Homogeneous attractors are defined by D = D , and Kq q q
K .for q * q' . Quantitatively, the dimension set D and theq q
entropy set K permit regular systems (fixed point andq
limit cycles) to be distinguished from irregular (chaotic) 
systems.
2.4 LEGENDRE TRANSFORMATIONS
The spectrum of dimensions D introduced in theq
previous section is used to characterize a multifractal. A 
similar characterization is obtained by the spectrum of 
scaling indices, the f(a) spectrum, introduced by Halsey et 
al. (1986). Suppose there is a set embedded in a finite 
portion of d-dimensional Euclidean space. We divide the set 
into N disjoint pieces S^ i=1,2,...,N with measure P and 
size e. in order to construct a partition function:
n  p q
r ( T , q , { S  } ) = £ - 1  ( 2 . 1 5 )
1 = 1 c i
As c -- » oo, the partition sum diverges if x>x(q), becomes
zero if x<x(q), and may approach a finite nonzero value if
x=x(q). Thus, by requiring r(x,q)=constant, it is possible
to define a relation between x and q
x (q ) = (q—1) D (2.16)q
A scaling exponent a is defined by saying that
Pq = eq0£i (2.17)
a can take on a range of values between a and a ,
m ax m in
corresponding to different regions of the measure. The 
number of times a takes on values between a' and a'+da' 
will be of the form
da'p(a' )e"f(0£/) (2.18)
where f(a') is a continuous function. The exponent f(a') 
reflects the different dimensions of the sets upon which 
the singularities of strength a.' may lie. If we now divide 
the system into pieces of size c and express the partition 
sum (2.15) as an integral over a,
1 5
1- /  \ f j  / / / \ q«'  -f («'r ( x , q )  = c doi'p(oi )e (2.19)
In the limit e -> 0, the dominant contribution to the
integral is received when the exponent qa'-f(a') is close 
to its minimum value, a saddle-point approximation is 
performed
[a'q -f(a')] a' =a(q) = 0 (2 .2 0 )
so that
d f 
d a = q and
d2f 
d a* < 0
from which it follows: D = f0 max D - a  and D- oo max +oo
(2 .2 1) 
= a■ in
Thus for any attractor the curve f(a) will be convex with a 
single maximum at q=0 and with infinite slopes at q= ±co. 
This leads to the following Legendre transformation (Halsey 
et al., 1986) which is used to determine f(a):
a ( 9> = 3 5 (q—1)D
( 2 . 22 )
f(a) = q a(q) - (q—1)D




^  _  1 l i m  l i m  l i m  1
q q—1 e-»0 t ->0 d->oo V
, i “ i - v (2.23)
In c
Define A(i, ,i ) by (Eckmann and Procaccia 1986)1 d
(: ,i )= exp(-dtA(i , ,i ) )d I d (2.24)
For e sufficiently small and fixed d, the number of times
one finds a A between A' and A'+dA' is
exp(t d g(A')) dA' (2.25)
Substituting Eq. (2.24) and (2.25) into Eq. (2.23), one
sees that in the limit as c goes to 0,
1K =— T  (q A(q) - g(A) )q q— I (2.26)
and therefore a knowledge of yields both A and g(A) 
according to
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( q - 1 ) K
(2.27)
g(A) = q .A(q) - (q-1)K
2.5 CORRELATION INTEGRALS
In this section algorithms are examined for computing
the dimensions D . Data requirements and experimentalq
applications will be discussed.
2.5.1 Correlation Dimension
Grassberger and Procaccia (1983)a introduced an 
algorithm for extracting the dimension D2 from a single 
variable time series. It is based on the correlation 
between points on the attractor. Consider a set (X^
i=1 N) of points obtained from a time series
X(t+ix), with a fixed increment r between successive 
measurements. N is the total number of data points on the 
attractor. The time series can be experimental or obtained 
numerically from a computer experiment.
Due to the exponential divergence of trajectories on a 
chaotic attractor, most pairs of points (X^X ) with i*j 
will be uncorrelated. Some points will be spatially 
correlated and this spatial correlation is measured with 
the correlation integral C2(e):
C 2U )  = I 2 £  ® t c - | X  - X  | ) ( 2 . 2 8 )
i . j = l
The Heavside function 0(c— |Xt-X |) serves to count the
number of pairs (X^X^) whose distance | Xi~X^ | is less than
e. It has been shown previously (Grassbeger and Procaccia,
1983b) that C (e) scales like:
2
C (c) - cD2 <2-29>
2
D2 is called the correlation dimension, by plotting In
y
the slope of the graph,
C (c) against In c the dimension D can be obtained from 2 2
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d In C (c )
D = — j— i  ---  (2.30)
2 d In c
The above correlation integral has to be modified in order 
to measure dimensions greater than two. The modification 
consists of embedding the time series in d dimensional 
phase space, i.e. the construction of d dimensional vectors 
(X ,X ,X ) Instead of calculating the1+1 1+2 l+d 3
separation between pairs of points we calculate the 
separation between pairs of d dimensional vectors i.e. we 
count the number of pairs (i,j) with:[ 1 1 /2(X -X )2+(X -X )2+.. .+ (X -X )2 (2.31)i+ l  j  + 1 1+2 j+2 l+d j+d JHence the modified correlation integral is:.. N d 1 /2
C2<E > = I Z  ^  £ 8 ( ' -  I  I > ( 2 - 32>
i , j = l  L n = l  J
This correlation integral C^(e) 1S related to the 
probability defined m  Eq (2.1) by,
Cd(c) * I p2< V ‘ - > (2.33)2 1 2 a
i > »11 d
Consequently, combing Eq 's (2.23) and (2.32) leads to an 
equation which involves K , (Grassberger and Procaccia,
1 983a),
y>^d / \ 1 1 ID 1 1 ID U 2  /  ~l  Y r \ / A  i \C (e) » c exp(-drK2) (2.34)2 d->oo e -> 0
By calculating:
K2 ( c )  = ?  l n  M i t t 1  1 ( 2 - 3 5 >
we should find
CUTi(e) J
^  lc Z  K> > w K2 i 2 ’ 3 6 )
Cohen and Procaccia (1985), has developed a similar
algorithm for the extraction of the dimension D and the
1
metric entropy K and applied it to a number of well known 
chaotic maps Using the two dimensional Henon map 
(X,Y)— >(1-AX2+Y,BX) (Henon, 1976) with A=1.4 and B=0.3, a 
time series is generated with N=15000 data point. Shown in 
Fig. 2.1 (a) is a plot of In C2(e) against Inc for a seriesd
of increasing values of d, the series of straight lines
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with slope D2 are displaced from each other by the factor 
exp(-dxK2). The dimension obtained from the slope of these 
lines is D=1.46±0 02. The error represents the statistical
variation in the least square fit.
For each value of embedding dimension the Kolmogorov 
entropy is estimated over an appropriate scaling region in 
c The extrapolated value is K2=0.32±0.02 as shown m  Fig.
2.1 (b). D2 and K2 are lower bounds on the Lyapunov
dimension (Dl=1.26) and the Lyapunov entropy (Kl=0.42) 
respectively.
Cutler (1991) has done an indepth study of errors and 
provides confidence intervals for the dimension D2 and Di. 
Fractal dimensions and Lyapunov exponents can be estimated 
faster and more efficiently with the knowledge of the 
optimal embedding dimension and delay time. Buzug and 
Pfister (1992) have proposed two methods to obtain this 
optimal embedding dimension.
2.5.2 D a ta  R equ irem en ts
Estimate of the number of data points N required to 
calculate a dimension D2 and a entropy K2 are considered. 
To do this we will choose a one dimensional system of known 
dimension and entropy The system is defined by
and will be considered in more detail m  chapter 3. For A > 
1 the system is chaotic with D2 * 1.0 and K2 * log(A). 
Boundary effects are negligible for this system. Using Eq. 
(2.28)
2
X l + l AX mod 1 (2.37)
1 i  m 1 i  m 
d-»oo C-K> e°2 exp(-dzK2) ( 2 . 3 8 )
where C2(e)is defined by
C - ( c ) 1 i  m M  N->oo ~ 2 (2.39)
where M is the number of pairs (i,j) with
( 2 . 4 0 )




FIG. 2.1. (a) Correlation integral In C2(c ) verse In c
for Henon map, computed with N=15000 data points. The 
values of embedding dimension d are d=2 (top 
curve),4,6,..., 1 8, 20 (bottom curve), (b) Values of K2(e) 
for the Henon map averaged over the scaling region in c. 
The extrapolated (d — » o o ) value is Ka=0 . 32±0 . 02 .
2 0
N M
c ° 2 e x p ( - d r K 2 ) (2.41 )
e = 10-6 and M =1 . For K=log(2) the number of points
m in  2
required is N * 5000, while for K2=log(4) the number of
points required is approx N « 8*104. Smith (1988) has
D 2suggested that 42 points are the minimum number of data
points. Nerenberg and Christopher (1990) has also made 
estimates of data requirements with the inclusion of
boundary effects The importance of these two estimates is 
that neither include the entropy in their calculations. As 
can be seen from the previous example no estimate of data 
requirements is correct which does not take into account 
the entropy
The variables are defined as follows x=1 , d=8, D2=1.0,
2 .5 .3  Ex p e r im e n t a l  A p p l ic a t io n s
The correlation dimension and entropy have been
computed for a range of experimental systems Carroll et al.
(1989). Experimental applications of the correlation
dimension to a modulated semiconductor laser diode in a
cavity were carried out. The laser output was detected with
a Si APD and captured with a digitizing camera system
(Tektronicx DCS 01) 0'Gorman (1989). Power spectrum
analysis indicated that the waveforms might be chaotic,
O'Gorman et al. (1991). Time series were limited to 500
data points. It is possible to obtain a dimension D«1.0
for a numerically generated periodic waveform consisting of
500 data points. Noise, filtering, drift and the limited
number of data have made the determination of D ~  1 . 02
impossible. Due to this difficulty the analysis was not 
extended to chaotic waveforms Studies have been carried 
out by Badii and Politi (1988) and Mitschke et al. (1988)
to examine the effects of filtering. These studies have 
indicated that filtering increase the measured dimension, 
but the entropy is unaffected by filtering.
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calculate the spectrum of dimension D , (Pawelzi andq
Schuster, 1987, Atmanspacher et a1., 1987).
2 .5  4 Sp e c tr u m  of D imensions
The correlation integral Eq (2.28) can be modified to
Cd( e )= l im q e->o
’ 1 N
N ^
1 N r d o i 1/2
q - l -




B a d n  and Politi (1984) have developed a similar algorithm 
for computing the generalized dimensions and the metric 
entropies, they have used this algorithm to calculate the 
Hausdorff dimension Dq for a number of well known strange 
attractors. Kostelich and Swmney (1987) have compared Eq.
(2.42) for calculating D2 with the algorithm of Badii and 
Politi for calculating D , they have concluded that the 
later is more efficient for high dimensional systems.
Two examples will illustrate the difficulties of
estimating the generalized fractal dimensions D by theq
spatial correlation method Eq. (2 42). For both of these 
examples analytic expressions are available for the Dq
spectrum. The first of these examples is the baker map Eq.
(4.1), this system will be examined in greater detail in 
Sec. 4.2. The probability distribution of this map is shown 
in Fig. 2.1 (a) A time series of 1.4*105 data points is
obtained, with embedded dimension d=4. An estimate of 
D requires a suitable region in the ln-ln plot. The range 
of scale used in Fig. 2.2 (b) is 6*10_6<e < 5*10-2. Eq.
(2.42) was implemented for the following values of q -10 to
0 and 2 to 12 increments 0 25, which corresponds to 82
different values of q. Several curves are shown m  Fig. 2.2
(b); they correspond to the values of q=10 (top curve),
6,2,0,-4,-8 (bottom curve).
The exact D spectrum is shown by the continuous line q
m  Fig. 2.3 (a). Two approximations are obtained from the 
slopes of the graph in Fig. 2 1 (b), corresponding to
different range of scale e The dashed line (----- ) is for
the interval -3.9< In e<-8.2 and the dashed dotted line 
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2.2. (a) Multifractal distribution computed with
4*10° iterations of Eq. (4.1). (b) Correlation integral
FIG.
*6
for time series consisting of N=1.4*10 dataC (e) q
points, embedded in dimension d=4. Points pertaining to the 
same value of q are connected by lines. The values of q are 
q=10 (top curve),6,2,0,-4,-8 (bottom curve).
2 3
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q
a
FIG. 2.3. (a) The dimension spectrum D computed with
5 ^N=1.4*10 data points and an embedding dimension of d=4.
The solid curve is the exact D spectrum, (see section 4.2q
for derivation). Two approximations are shown, 
corresponding to different range of scale e. The dashed 
line (— — — ) is for the interval -3.9< In e<-8.2 and the 
dashed dotted line (—  —  ) is for the interval -4.4< In
e<-9.1. (b) The corresponding f(a) spectrum.
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D . The f(a) spectrum of singularities is shown in Fig. 2.3 q
(b). It was obtained from the two approximate D spectra inq
Fig. 2.3 (a), via the, Legender transformation Eq. (2.22).
The results of Fig. 2.2 and 2.3 deserves several
comments. The number of iterations used and the chosen
embedding dimension is sufficient for an accurate estimate
of D for -10^q<12. The deviation from the true value is q
less than 1%. For this particular fractal their is an
unique D for each value of q. There are oscillations in q
the ln-ln plot used to estimate D . These oscillations areq
a fundamental limitation of the algorithm and are due to
the local nature of the measurement. As the |q| increases
the magnitude of the oscillations increases. The
oscillations are due to inaccurate estimates of the
multifractal measure shown in Fig. 2.6. The dimension D isq
independent of the length scale c for this fractal. Similar 
periodic oscillations (called lacunarity) have been shown 
by Mandelbrot (1977) to reflect the fractal properties of 
self similar strange attractors
The range q =-10 to 12 is insufficient to obtain
convergence in the f(a) spectrum Fig. 2.3 (b). The absolute 
value of q required to obtain the extremities oc and a
m ax m in
approaches infinity. For the f(a) spectrum shown in Fig.
2.3 (b) it was checked that df/da »q to within a couple of
percent. As the magnitude of D increases it becomesq
increasingly difficult to determine D for negative qq
(Meisel et al., 1992, Arneodo et al., 1987 and Pawelzik and 
Schuster, 1987).
The second example is the one dimensional circle map
Eq. (2.37) with A=2. The total number of data points is
N=2*105, with embedding dimension d=4. The exact Dq
spectrum is D =1 for all q. The ln-ln plot is shown in Fig.
2.4 (a), for several values of q. Note the absence of any 
oscillations in this ln-ln plot. The map has a uniform 
probability distributing for this value of A (cf. Sec 3.2).
combination of these two curves, a good fit is obtained for
2 5
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FIG. 2.4. (a) Correlation integral C (e) for the oneq
dimensional map Eq. (2.1). The time series consisting of
N=2*105 data points, embedded in dimension d=4. The values
of q are q=10 (top curve),6,2,0,-4,-8 (bottom curve), (b)
The exact D spectrum is shown by the dashed line and is q
equal to one for all values of q. The solid line is the 
estimated value from the generalized correlation integral.
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spectrum is shown by the dashed line and is equal to one
for all values of q. The solid line is the estimated value
from the slope of the graph in Fig. 2.4 (a). For positive q
the answer is within 1% of the true value, while for
negative q there is a 7% difference. The f(a) spectrum for
this value of A is a point spectrum. It is apparent from
this figure that D does not increase with negative q, thisq
does lead to inaccuracies when computing the differential
of the D function so as to obtain the f(a) spectrum, q
Successful applications of these ideas to experimental 
systems have been reported, Su et al. (1989). These
applications are concerned with the f(a) spectrum at the 
onset to chaos for both the period doubling transition and 
the quasipenodic transition to chaos.
2.6 UNSTABLE PERIODIC ORBITS
In this section unstable periodic orbits (UPO's) are 
reviewed. The method of extracting these orbits from a 
chaotic attractor is discussed and the relationship of the 
stability of these orbits to dimensions and entropies is 
examined.
2.6 1 D e f in it io n  o f  UPO’s
Chaotic attractors are dense with unstable periodic 
orbits. A periodic orbit is defined as follows.
Definition 2.1. A periodic point P for F :IRn— >[Rn is periodic 
of period m if Fm(P)=P.
Periodic orbits can be hyperbolic or elliptic.
Definition 2.2. A fixed point P for F:(Rn— >IRn is called 
hyperbolic if DF(P) has no eigenvalues on the units circle, 
DF(P ) is the Jacobian matrix at P. If P is periodic of 
period n, then P is hyperbolic if DFn(P) has no eigenvalues 
on the unit circle.
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There are three types of hyperbolic periodic orbits, 
attracting, repelling and saddles.
Definition 2 3. Let Fn(P)=P
1. P is an attracting periodic point if all of the
eigenvalues of DFn(P) are less than one m  absolute value.
2. P is a repelling periodic point if all of the
eigenvalues are greater than one m  absolute value.
3. P is a saddle periodic point otherwise, i.e. some of the 
eigenvalues of DFn(P) are larger and some are less than one 
in absolute value.
Case 3 distinguishes higher dimensional systems from one 
dimensional systems. Case 1 corresponds to a stable 
periodic orbit while case 2 and 3 correspond to an unstable 
periodic orbit. For elliptic fixed points, it is the
modulus of the eigenvalue that determines whether it is 
attracting, repelling or saddle fixed point.
2.6.2 C om pu tin g  UPO's
When calculating the orbits, one first lays a grid of 
points over the attractor. Typically the number of grid
points is at least 5 times larger than the number of 
periodic points that one expects to find. Then starting at 
each point, one solves for a periodic orbit of period n 
using the map and a Newton-Raphson iteration scheme. Until 
the condition Fn(P)=P is true to a preassigned accuracy. 
The different periodic orbits are recorded and then the 
number of grid points is increased by a factor 2 or 3 to 
check that no new orbits appear. Since the map is known, 
the Lyapunov exponents can be calculated exactly and hence, 
we can classify the type of hyperbolic orbit. It is also 
possible to extract these orbits from a time series 
Auerbach et al. (1987) and Pawelzik and Schuster (1991).
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Water and Hoppenbrouwers (1991) analyzed chaotic motion m  
an experiment on a parametrically excited pendulum m  terms 
of unstable periodic orbits. These orbits provide a useful 
quantitative comparison with the results of a numerical 
simulation.
To demonstrate this procedure the unstable periodic 
orbits are calculated for the Henon map (X,Y)— >(1-AX2+Y,BX) 
with A=1.4 and B=0.3. With the following results.
Table 2.2
The total number of unstable periodic orbits m of period n 
and the total number of cycle points.
Per n 1 2 3 4 5 6 7 8 9 10
Nn 1 3 1 7 1 15 29 63 55 103
m 1 1 0 1 0 2 4 7 6 1 0
N is the total number of cycle points of order n, and m is
n
the total number of orbits of period n. The Lyapunov number 
of these cycles where calculated, and hence, the dimensions 
using D=1+A+/|A_| The orbits of period 8 have dimension 
between 1.26-1 31
A knowledge of the number of period orbits of order n 
allows an estimate of the topological entropy Kq. The 
topological entropy of a dynamical system can be defined as
K = ll* llog N (2.43)0 n—>co n n
the nth-order approximation is defined by
C  = H l o 9 N„ <2 - 4 4 >
for the Henon map K^n) = 0 46 in excellent agreement with the 
positive results.
2 .6 .3  Re la t io n  to  D imens ion  and  Entro py
In this section we discuss the relation of the 
unstable periodic orbits on chaotic attractors to the 
ergodic properties of these attractors. Consider a 
d-dimensional twice differentiable map X =F(X ). The
m + l in
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magnitude of the eigenvalues of the Jacobian matrix of the 
n times iterated map Fn at the jth fixed point are denoted 
e , e , c . c , c , where we order the1 j 2j uj (u+ 1 ) dj
eigenvalues as follows: e >e  ^ >e > 1 ==lj 2j uj
e  ^ The number of unstable eigenvalues is u.(u+ 1 ) dj ^
Let Lj be the product of the unstable eigenvalues at the 
jth fixed point of Fn
L = c c c (2.45)j lj 2j uj
Let D=A+S where A is the integer part of D and 8 is the
fractional part of D In addition, let
S (D) = c c c (c )5 (2.46)j lj 2j A j (A+l)j
The partition function in terms of L^  and is, Grebogi et
al. (1988).
r(q, D, n ) = I L _1[S (D) ]'(q"1) (2.47)
j
In two-dimensional case with e >1>e this reduces tolj 2 j
r(q, D, n) = I c ^ (q_1) (2.48)
Taking the limit n— >oo is analogous to taking the limit 1— >0 
in Eq. (2.15),
r (q,D) = lim r(q,D,n) (2.49)
n— >oo
Setting q=1 we can compare Di and Dl. We have T(q,D) = 1. 
Formally expanding Eq. (2.47) around q=1 we obtain
r(q,D,n) = 1 - (q-1)£ L _1log(S (D)) + 0[(q-1)2] (2.50)
j 3
Letting n— >oo the coefficient of the (q-1 ) term is
I Lj”1log(Sj(D) ) = 0 (2.51 )
j
Inserting S
lim V L -1log(e e e. ) + 
n—kdL , >
(2.52)
Solving for <5 and adding to A we have equal
3 0
Y L ^ o g i c  c . . c .  )
j  J y  U  2 j  A j
D = A — lim -----------------------  (2.53)
1 n— >00 I L " 1 log (c . )
y  j  ^  ( A + i ) j
The Kaplan-York formula states that for a typical system,
log(c c ..c.)
D = A - ------— --—  (2.54)
1 o 9 ( e 4«>
with A being the largest integer such that logfe^-.e^)
>1. Comparing (2.53) and (2.54) we see that these equation
are the same if all orbits have the same stability or D «1 i
if the orbits have approximately the same stability. 
Dynamical systems will be encountered in chapter 3 and 4 
where D =D .1 L
2.7 CONCLUSION
In this chapter the major techniques for analyzing 
chaotic dynamical systems have been introduced. They
include Lyapunov stability, generalized dimensions, f(a) 
spectra and unstable periodic orbits. These techniques will 
form the bases of the following chapters. The concept of 
maximum Lyapunov dimension has been introduced when the 
divergence of the system is greater than zero. Data
requirements for a system with negligible boundary effects 
have been investigated and compared with previous studies. 
A relationship has been established between the number of 
data points required for the computation of D2 and Kz. 
Experimental applications of D2 and K2 have been
extensively reported in the literature. Our own application 
to an experimental system has shown that noise, filtering, 
drift and the limited number of data points are determental 
to obtaining D2=1 for an experimental sine wave.
A comparison of numerically generated f(a) spectra 
with analytic results has highlighted some of the 
limitations of the generalized correlation integral. The 
oscillations in the ln-ln plot are a fundamental limitation 
of the multifractal measure. Inaccuracies in the
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numerically generated D spectrum violate the inequality
■^1
D >D , for q<q' leading to inaccuracies when computing the q q
f(a) spectrum.
Unstable periodic orbits are of fundamental importance 
in the analysis of chaos and its evolution as will be 
apparent from the proceeding chapters. The method of 
extraction has been reviewed together with their 




INTERVAL MAPS AND CANTOR SETS
3.1 INTRODUCTION
This chapter is mainly concerned with one dimensional 
dynamical systems, m  particular interval maps and Cantor 
sets. In Sec. 3.2 a hyperbolic map which is defined on a 
circle is investigated using periodic orbits and f(a) 
spectrums Numerical errors are examined m  terms of these 
orbits. In contrast the well known logistic map which is 
nonhyperbolic is reviewed m  Sec 3.3. There are many 
objects in physics and mathematics that exhibit self
similar properties. Mandelbrot (1977) introduced the term 
fractal to described these self similar properties and
applied it to a variety of natural phenomena. Some of the 
simplest fractals are Cantor sets and they are examined in 
Sec. 3 4 and 3 5, m  terms of the generalized dimension and 
the scaling indices The results of this chapter will be
used in the proceeding chapters to examine higher 
dimensional dynamical systems.
3 2 CIRCLE MAP
The simplest chaotic one dimensional map is the map of 
the circle given by,
X = A X mod 1 (3.1)
i  +1 1
This is hyperbolic for all values of A excluding A=±1 . For 
A=1 and an additional constant term this map can be 
considered as a rotation of the circle (Cornfeld et al. , 
1982). For A < |1| there are periodic solutions, while for 
A > |1| there are chaotic solutions (cf. Sec 3.2.2). This
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map is not a homeomorphism since it is not one-to-one and
therefore its inverse is not defined. For A=2 this map is
two-to-one. Since this map is defined on a circle X=0 is
equivalent to X=1. The Lyapunov exponent A is given by
A = In |A| (3.2)
and is positive for A > |1|. The possibility of divergence
and bounded trajectories causes the map to stretch an
interval and fold a portion of the interval back on itself.
Since folding cannot take place for one-dimensional
invertible maps, such maps do not display chaotic
behaviour. The chaotic behaviour of this map is examined
for A e [1 ,00] . The correlation dimension D is D «1. 0  for
2 2
all values of A >1 (cf. Sec 2.5.2 & 2.5.4).
3 .2 .1  Period ic  Orb its
The nth return map fn(X)= AnX so that X is periodic of 
period n if and only if AnX=X+k for some integer k, i.e. if 
x=k/(An-1 ) where 0^k<An. Hence the periodic points of 
period n for f are the (An-1 )th root of unity. It follows 
that periodic points are dense on the unit interval. In 
Table 3.1 the periodic orbits for n=3 and A=2 are listed.
Table 3.1
Period 3 orbits and their associated symbolic dynamics for 
the parameter A=2.
k Period 3 orbits Binary Seq.
0 0/7 0/7 0/7 0 0 0
1 1 / 7 2/7 4/7 0 0 1
2 2/7 4/7 1 / 7 0 1 0
3 3/7 6/7 5/7 0 1 1
4 4/7 1 / 7 2/7 1 0 0
5 5/7 3/7 6/7 1 0 1
6 6/7 5/7 3/7 1 1 0
7 7/7 7/7 7/7 1 1 1
It can be seen from this table that there are two
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orbits of length three and two orbits of length one,
3corresponding to a total of 2 . Each of these orbits are 
represented by a binary sequence. The sequence 001, 010 and 
100 are equivalent. It can be seen form this table that the 
orbits lie on rational points on the interval. To describe 
the dynamics of Eq. (3.1) via symbolic dynamics we need to 
modify the binary sequence somewhat since there is an
ambiguity in the sequence associated to any rational number 
of the form p/2k where p is an integer. For example, 1/2
may be described by either 1 or 0. To remedy this, we
identify any two sequences of this form with an *, where * 
= 0 or 1.
Eventually periodic points of period n are defined by 
the following definition.
Definition 3.1 A point X is eventually periodic of period 
n if there exists m >0 such that fn+l (X ) = f1 (X ) for all i^m. 
That is f1 (X) is periodic for ism.
If X=k/An then fn(x)=k so that x is eventually fixed. If 
the map is a homeomorphism then eventually fixed point can 
not occur.
3 .2 .2  Nu m e r ic a l  Errors
In all nonlinear systems computers are used to study 
the dynamics of the system, by iterating the systems 
equations over millions of mappings periods. In what sense 
do computations using finite precision and round off errors 
effect the dynamics of the system?
For A >11 | in Eq. (3.1) all periodic orbits are
repelling. For A equal to an odd integer there is chaotic
behaviour for all irrational initial conditions. While for 
A equal to an even integer there is no chaotic behaviour, 
regardless of initial conditions used because some of the 
eventually periodic points can be represented accurately 
with the finite precision. When Eq. (3.1) is iterated the
solution tends to the fixed point zero through an
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eventually periodic point of period n. While for A 
approximately an integer, (e g. A=*.0000000000000001 where 
* is an even integer), eventually periodic point can not be 
represented accurately hence the chaotic solutions.
The orbits of Eq (3.1) with A=2 are rational numbers 
for all orbits of period n (Table 3.1). Inserting one 
component of a periodic orbit into Eq. (3.1), consecutive 
iterations will cycle around this orbit. If a computer is 
used for the same experiment finite precision results in 
the trajectory escaping from this repelling orbit after a 
couple of iterations The escape rate from this periodic 
orbit is SX =SX 2, where 5X is the initial separationi+l i o ^
from the orbit The smaller 5Xq the longer the duration of 
time spent in the vicinity of that orbit. It is this finite 
value of <5Xq that is responsible for chaotic behaviour in 
these dynamical systems. Greater numerical precision puts a 
lower bound on the magnitude of 5Xq. Rannou (1974) explored 
this question using an integer map and concluded that 
chaotic motion is intrinsic to systems described by exact 
dynamics, independent of computer noise or roundoff errors.
3 .2  3 Probability Density
The probability density has been computed numerically 
for A=1.1, 2 0 & 2.5 and is shown in Fig 3.1. For A=2.0 the 
probability density is uniform This uniform distribution 
can be explained m  terms of the uniform distribution of 
periodic orbits along the unit interval While for A=1.1 
and 2 5 the distribution is nonuniform. Peaks in the 
probability distribution can be related to the 
concentration of periodic orbits at that position along the 
interval. As A tends towards infinity there is a uniform 
probability density, this is because the time series is 
completely random. A small entropy corresponds to a 
deterministic system, while large entropy corresponds to a 
completely random system, the entropy is InA.
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KFIG. 3.1. Probability density P(X) vs X for the circle 
map. Three values of A are shown 1.1, 2.0 and 2.5.
3.2.4 F(°0 S p e c tru m
Using the probability density calculated in the
previous section it is possible to calculate an approximate
D spectrum and the corresponding f(a) spectrum (Duong-vav 
q







0.00 < X s 0.25 
0.25 < X =s 0.50 
0.50 < X s 0.60 
0.60 < X s 1 .00
(3.3)
Starting with this probability density the interval [0,1] 
is subdivided into n segments of size 1 , each with a 
constant probability P = a, where a is now the area chosen 
in the calculation,
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x i - i
Given a chosen a, X^  can be calculated. The segment 1 = 
X -X with the corresponding pt=a are used in the 
relation
„X 1
p(X)dx with p(x) normalized to 1 (3.4)
1 / a qp1
? ( q - l ) D q  
1 = 1 1
= 1 (3.5)
1
to solve for D . The numerical results are presented in
q
Fig. 3.2 (a), for D as a function q. The Legendre
q
transformation Eq. (2 22) give the corresponding f(a) 
spectrum as shown in Fig. 3.2 (b) . To verify that this D
q
spectrum is correct a calculation of the spectrum using Eq.
(2 42) was implemented with N=2*105 and d=4. The results
are shown by the dashed dotted line in Fig. 3.2, for q=2 to
12. There is close agreement between the two dimension
sets For negative q the dimensions could not be obtained.
The spread in dimensions for q e (-20,20) is 0.97-1.03. For
A=1.1, Eq (2 42) indicate that the dimensions for q>0 are
indistinguishable from 1.0.
A similar calculation for A=2 gives D = 1 V q e
q
{ - o o , m } .  At this value of A=2 we have an example of uniform
hyperbolic attractors. A=1 1 and 2.5 are example of
non-uniform hyperbolic attractors. The probability density
is related to the concentration of periodic orbits at a
particular point along the interval. For q=0 we simply
obtain f=D =1 0, where D is the Hausdorff dimension of the o o
set. The Hausdorff dimension of a one dimensional unstable 
manifold is always Dq=1 0.
3.3 LOGISTIC MAP
In this section, the extensively studied quadratic or 
logistic map is reviewed.
Xi+1= F(Xt) = u X ^ l —Xt) (3.6)
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- 2 0  - 1 0  0  1 0  2 0
q
a
F I G .  3 . 2 .  ( a )  D s p e c t r u m  f o r  t h e  c i r c l e  m ap  w i t h  A=q
T h e  c o n t i n u o u s  l i n e  i s  t h e  D s p e c t r u m  f r o m  E q .  ( 3 . 5 )q
t h e  d a s h e d  d o t t e d  l i n e  i s  f r o m  E q .  ( 2 . 4 2 ) .  ( b )
c o r r e s p o n d i n g  f ( a )  s p e c t r u m s  o f  ( a ) .




T h e  d y n a m i c s  o f  t h i s  m ap  a r e  r e l a t e d  t o  t h e  i n f i n i t e  
d i m e n s i o n a l  d e l a y  d i f f e r e n t i a l  . e q u a t i o n s  i n  c h a p t e r  7 .  O f  
s p e c i f i c  i n t e r e s t  i s  t h e  p e r i o d  d o u b l i n g  r o u t e  a n d  t h e  f ( a )  
s p e c t r a .
3.3.1 Periodic A t t ra c to rs
F o r  u>1  F h a s  t w o  f i x e d  p o i n t s  o n e  a t  0 a n d  t h e  o t h e r  
a t  = ( u - 1 ) / u .  N o t e  t h a t  d F u ( 0 ) / d X  =u a n d  d F ^ i X ^ J / d X  - 2 - u .  
H e n c e  u  i s  a  r e p e l l i n g  f i x e d  p o i n t  f o r  u> 1 a n d  X ^  i s  
a t t r a c t i n g  f o r  1 < u < 3 .  W hen  u = 3 d F ^ X ^ / d X  = - 1  . A s  u  p a s s e s  
t h r o u g h  3 t h e  d y n a m i c s  o f  F y  b e c o m e  i n c r e a s i n g l y  
c o m p l i c a t e d  A n e w  p e r i o d  2 i s  b o r n ,  t h e n  a  p e r i o d  4 e t c . .  
T h i s  p e r i o d  d o u b l i n g  i n v o l v e s
1 . A c h a n g e  f r o m  a n  a t t r a c t i n g  t o  a  r e p e l l i n g  o r b i t ,
t o g e t h e r  w i t h
2 T h e  b i r t h  o f  a  n e w  p e r i o d i c  o r b i t  o f  t w i c e  t h e  p e r i o d .
T h e  S c h w a r z i a n  d e r i v a t i v e  o f  a  f u n c t i o n  F a t  X i s  
d e f i n e d  a s
S F i x l  = F ' ' ' ( X )  _  3 (F ' ' ( X ) ] 2 ,
F ' ( X )  2 ( F ' ( X ) J  ( 3 . 7 )
T h e  S c h w a r z i a n  d e r i v a t i v e  a l l o w s  u s  t o  d e f i n e  a n  u p p e r
b o u n d  o n  t h e  n u m b e r  o f  a t t r a c t i n g  p e r i o d i c  o r b i t s  t h a t  a  
m ap  l i k e  t h e  q u a d r a t i c  m ap  m a y  h a v e .  I t  a l s o  a l l o w s  u s  t o  
e x a m i n e  w h y  a  m ap  m a k e s  a  t r a n s i t i o n  f r o m  s i m p l e  t o  c h a o t i c  
d y n a m i c s  L e t  u s  q u o t e  a  n u m b e r  o f  p r o p e r t i e s  f o r  t h e  
S c h w a r z i a n  d e r i v a t i v e ,  ( t h e  p r o o f s  c a n  b e  f o u n d  i n  D e v e a n y
( 1 9 8 6 ) ) .
1 .  S u p p o s e  S F < 0  a n d  F h a s  n  c r i t i c a l  p o i n t s .  T h e n  F h a s  a t  
m o s t  n + 2  a t t r a c t i n g  p e r i o d i c  o r b i t s .
2 .  I f  S F < 0 ,  t h e  SFn <0 f o r  a l l  n >1
3 I f  F ( X ) h a s  i n f i n i t e l y  m a n y  c r i t i c a l  p o i n t s ,  t h e n  s o  
d o e s  F n ( X ) .
T h e  q u a d r a t i c  m a p  F ^ i X )  h a s  o n e  c r i t i c a l  p o i n t  ( X = 1 / 2 ) .  
H e n c e ,  f o r  e a c h  u t h e r e  e x i t s  a t  m o s t  t h r e e  a t t r a c t i n g  
p e r i o d i c  o r b i t s  O f  c o u r s e  t h e r e  m a y  b e  n o  a t t r a c t i n g
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p e r i o d i c  p o i n t .  I n  a c t u a l  f a c t  i t  c a n  b e  p r o v e n  t h a t  t h e r e  
e x i s t s  a t  m o s t  o n e  p e r i o d i c  o r b i t  f o r  e a c h  u .  A s  t h e
p a r a m e t e r  u i s  i n c r e a s e d  t o w a r d s  u = 3 . 5 6 9 9 . . .  F  h a s  a noo U
a t t r a c t i n g  p e r i o d i c  o r b i t  o f  p e r i o d  2 n w i t h  n  t e n d i n g  t o
i n f i n i t y  a s  u t e n d s  t o  t h e  a c c u m u l a t i o n  p o i n t  u ^ .  T h e
a t t r a c t o r  a t  u i s  c a l l e d  t h e  F e i g e n b a u m  a t t r a c t o r ,  a n d  t h e
00
d i m e n s i o n  D2 i s  0 . 5 0 0 ± 0 . 0 0 5 .  T h i s  i s  a  v e r y  s p e c i a l
a t t r a c t o r .  T h e r e  i s  n o  s e n s i t i v e  d e p e n d e n c e  o n  i n i t i a l
c o n d i t i o n s  a n d  t h e  a t t r a c t o r  u i s  n o t  c h a o t i c .
00
3.3 2 Chaotic A t t ra c to rs *  F(«) Spectrum
F o r  t h e  l o g i s t i c  m a p  w i t h  u = 4  t h e  p r o b a b i l i t y  
d i s t r i b u t i o n  c o n v e r g e s  r a p i d l y  t o
P ( x )  = £  [ X ( 1 - X ) ] “l /2 ( 3 . 8 )
B y  t h e  u s e  o f  t h i s ,  o n e  c a n  c a l c u l a t e  e x p l i c i t l y  D a n d
f i n d  ( O t t  e t  a l . ,  1 9 8 4 )
D = q ( 3 . 9 )
1 f o r  q ^ 2 ,
q / [ 2 ( q —1 ) ]  f o r  q ^ 2 .
T h e  D s p e c t r u m  i s  n o n a n a l y t i c  a t  q = 2 .  T h e  f ( a )  s p e c t r u m  q
c o n s i s t s  o f  t h e  i s o l a t e d  p o i n t s  f ( 1 ) = 1  a n d  f ( 0 ) = 1 / 2 .  B a d i i  
( 1 9 8 9 )  e v a l u a t e d  t h e  f ( a )  s p e c t r u m  f r o m  a  h i s t o g r a m  o f  t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  L i n e a r  b e h a v i o u r  w a s  f o u n d  
b e t w e e n  t h e s e  p o i n t s .  A t  t h e  i n t e r v e n i n g  v a l u e s  o f  u 
b e t w e e n  a n d  u = 4 t h e r e  a r e  h i g h l y  s i n g u l a r  p r o b a b i l i t y  
d i s t r i b u t i o n s  a l o n g  t h e  u n s t a b l e  m a n i f o l d  ( C o l l e t  a n d  
Eckmann, 1 9 8 0 ) .  T h e  a r e  n o  p u b l i s h e d  f ( a )  s p e c t r u m s  f o r  
t h e s e  i n t e r v e n i n g  v a l u e s .  F o r  u > 4 a l l  p o i n t s  e v e n t u a l l y  
e s c a p e  t o  i n f i n i t y  a l o n g  a  C a n t o r  s e t .  D e t a i l s  a b o u t  t h e  
o r b i t s  a n d  t h e i r  s y m b o l i c  d y n a m i c s  c a n  b e  f o u n d  i n  
G r a s s b e r g e r  ( 1 9 8 8 ) .
3 4 CANTOR SETS
I n  t h i s  s e c t i o n  C a n t o r  s e t s  a r e  e x a m i n e d  f r o m  t h e  
p o i n t  o f  v i e w  o f  t h e i r  g e n e r a l i z e d  d i m e n s i o n s  a n d  t h e i r  
s p e c t r u m  o f  s c a l i n g  i n d i c e s .  C a n t o r  s e t s  a r e  o f  f u n d a m e n t a l
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i m p o r t a n c e  t o  t h e  u n d e r s t a n d i n g  o f  c h a o s .
I f  a  m e a s u r e  i s  c o n s t r u c t e d  f r o m  a n  e x a c t  r e c u r s i v e
r u l e ,  o n e  c a n  e a s i l y  d e t e r m i n e  t h e  D a n d  t h e  f ( a )  s p e c t r a .
*-1
S u p p o s e  t h a t  t h e  m e a s u r e  i s  g e n e r a t e d  b y  t h e  f o l l o w i n g
p r o c e s s .  S t a r t  w i t h  t h e  o r i g i n a l  r e g i o n  w h i c h  h a s  a  m e a s u r e  
o n e  a n d  l e n g t h  o n e .  D i v i d e  t h e  r e g i o n  i n  t o  p i e c e s  S . ,
i = 1 , 2 , . . . , N  w i t h  m e a s u r e  P. a n d  1 . T h e n  a t  t h e  f i r s t  s t a g e  
a  p a r t i t i o n  f u n c t i o n  i s  c o n s t r u c t e d ,
n  P q
r  ( T , q )  = I  - L -  ( 3 . 1 0 )
i=i
i
C o n t i n u e  t h e  c a n t o r  c o n s t r u c t i o n .  A t  t h e  n e x t  s t a g e  e a c h  
p i e c e  o f  t h e  s e t  i s  f u r t h e r  d i v i d e d  i n t o  N p i e c e s ,  e a c h  
w i t h  a  m e a s u r e  r e d u c e d  b y  a  f a c t o r  P. a n d  s i z e  b y  a  f a c t o r  
1 . A t  t h i s  s t a g e  t h e  p a r t i t i o n  f u n c t i o n  i s
r 2( x , q )  = r 2( x , q )  ( 3 . 1 1 )
t h e  f i r s t  p a r t i t i o n  f u n c t i o n  w i l l  g e n e r a t e  a l l  t h e  o t h e r  r
n
= r " .  F o r  t h i s  r e a s o n  r  i s  c a l l e d  a  g e n e r a t o r  f o r  t h e  s e t .
3.4.1 U n i f o r m  Ca n t o r  Se t
A s i m p l e  e x a m p l e  i s  t h e  c l a s s i c a l  C a n t o r  s e t  o b t a i n e d  
b y  d i v i d i n g  t h e  i n t e r v a l  [ 0 , 1 ] .  S t a r t  w i t h  t h e  u n i t  
i n t e r v a l  b u t  r e m o v e  t h e  o p e n  m i d d l e  t h i r d  i . e .  t h e  i n t e r v a l  
[ 1 / 3 ,  2 / 3 ] .  E a c h  o f  t h e s e  i n t e r v a l s  r e c e i v e  t h e  s a m e
m e a s u r e  P = 1 / 2 .  N e x t ,  r e m o v e  f r o m  w h a t  r e m a i n s  t h e  t w o
m i d d l e  t h i r d s  a g a i n ,  i . e .  ( 1 / 9 , 2 / 9 )  a n d  ( 7 / 9 , 8 / 9 ) .  N o t e  
t h a t  2 n o p e n  i n t e r v a l s  a r e  r e m o v e d  a t  t h e  n th s t a g e  o f  t h i s  
p r o c e s s .  T h u s  f o r  t h i s  m e a s u r e  we  r e q u i r e
= 1 ( 3 . 1 2 )
( j r
( 5>T
w h i c h  y i e l d s  x  = ( q - 1  ) I n 2 / l n 3 , D = I n 2 / l n 3 .  I n  t h i sq
e x a m p l e  a = f = D  . T h i s  u n i f o r m  C a n t o r  s e t  i s  a n  e x a m p l e  o f  a
f r a c t a l .  I n t u i t i v e l y ,  a  f r a c t a l  i s  a  s e t  w h i c h  i s  s e l f
s i m i l a r  u n d e r  m a g n i f i c a t i o n .  B y  v a r y i n g  t h e  i n t e r v a l  s i z e
2 we  c a n  v a r y  t h e  d i m e n s i o n  D = l n p / l n 1 o f  t h e  C a n t o r  s e t  1 q
i n  t h e  r a n g e  [ 0 , 1 ] .  F o r  D =1 we  n o  l o n g e r  h a v e  a  C a n t o rq
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s e t  b u t  a  l i n e  s e g m e n t  o f  u n i f o r m  p r o b a b i l i t y .  A C a n t o r  s e t  
i s  d e f i n e d  b y  t h e  f o l l o w i n g  d e f i n i t i o n .
D e f i n i t i o n  3 . 2  A s e t  A  i s  a  C a n t o r  s e t  i f  i t  i s  a  c l o s e d ,
t o t a l l y  d i s c o n n e c t e d  a n d  a  p e r f e c t  s u b s e t  o f  I . A s e t  i s  
t o t a l l y  d i s c o n n e c t e d  i f  i t  c o n t a i n s  n o  i n t e r v a l s ;  a  s e t  i s  
p e r f e c t  i f  e v e r y  p o i n t  i n  i t  i s  a n  a c c u m u l a t i o n  p o i n t  o r  a  
l i m i t  p o i n t  o f  t h e  o t h e r  p o i n t s  i n  t h e  s e t .
T h e  l e n g t h  o f  t h e  c o m p o n e n t s  o f  A  t e n d  t o  z e r o  w i t h
n
i n c r e a s i n g  n ,  A=p| > q A  i s  a  C a n t o r  s e t .  A l t h o u g h  t h i s  
e x a m p l e  w a s  t r i v i a l  we  s h a l l  s e e  i n  s e c t i o n  ( 4 . 2 )  t h e  
i m p o r t a n c e  o f  u n i f o r m  C a n t o r  s e t  w h e n  we  e x a m i n e  t w o  
d i m e n s i o n a l  c h a o t i c  a t t r a c t o r s .  A m o r e  g e n e r a l  e x a m p l e  o f  a  
C a n t o r  s e t  i s  t h e  t w o  s c a l e  C a n t o r  s e t .
3.4 .2 Two Sc a l e  Re c u r s i v e  Se t s
L e t  n i  d e n o t e  t h e  n u m b e r  o f  p i e c e s  o f  l e n g t h  1 a n d  n 2 
t h e  n u m b e r  o f  l e n g t h  1 .
a n d
F u r t h e r ,
p r o b a b i l i t i e s  b e  P T h e
l e t  t h e  r e s p e c t i v e  
p r o b a b i l i t i e s  a r e
n o r m a l i z e d  s u c h  t h a t  n  P + n  P =1
1 1  2 2 T h e  g e n e r a t o r  i s  g i v e n  b y
r n( r , q )  = n + n = 1 ( 3 . 1 3 )
a s  n  — >oo r  d o s e  n o t  d e p e n d  o n  n .  I n  F i g .  3 . 3  ( a )  we  s h o w
D^= x ( q ) / ( q - 1 )  a s  a  f u n c t i o n  o f  q  o b t a i n e d  n u m e r i c a l l y  b y
( 3 . 1 3 )  w i t h  m e a s u r e  P = 0 . 6  a n d  P = 0 . 41 2solving Eq. a n d
r e s c a l i n g  1 = 0 . 1 .  T h r e e  d i f f e r e n t  v a l u e s  o f2 2 i  a r e  u s e d
0 . 1 ,  0 . 3  a n d  0 . 7 .  U s i n g  a  b i n o m i a l  e x p a n s i o n  E q .  ( 3 . 1 3 )  c a n  
b e  w r i t t e n  a s




n m n  ( n - m )  p in q  p ( n - m ) q  ( n - m )  ^ - T  < q ) ^  -| 4 )
U s i n g  t h e  a n a l y t i c  m e t h o d s  o f  H a l s e y  e t  a l . ( 1 9 8 6 )  a n a l y t i c  
e x p r e s s i o n s  f o r  t h e  f ( a )  s p e c t r a  c a n  b e  o b t a i n e d .  I n  t h e  
l i m i t  n — >«. t h e  l a r g e s t  t e r m  i n  t h e  s um  o f  E q .  ( 3 . 1 4 )  s h o u l d  
d o m i n a t e .  T o  f i n d  t h i s  t e r m  we  c o m p u t e
43
5 l n r ( q , r )
 a s   * 0 ( 3 - 1 5 >
U s i n g  S t i r l i n g  a p p r o x i m a t i o n ,  we  f i n d  t h a t  E q .  ( 3 . 1 5 )  i s  
e q u i v a l e n t  t o
l n ( n / m - 1 ) + q l n ( P  / P  )
t  = ----------------------------------------— —  ( 3 . 1 6 )
I n ( 1  ¡ 1  )1 2
S i n c e  we e x p e c t  t h e  m a x im u m  t e r m  t o  d o m i n a t e  t h e  s u m ,  w e  
h a v e  t h e  s e c o n d  e q u a t i o n
n  ) Pmq p (n-m)q ( 7 m y <n-m) x -X^ Cq) _y ( 3  1 7 )
v m j i 2 1 2  -  \ • )
i n s e r t i n g  E q .  ( 3 . 1 6 )  i n t o  E q .  ( 3 . 1 7 )  l e a d s  t o  a n  e q u a t i o n  
f o r  n / m .  A f t e r  m a n i p u l a t i o n ,  o n e  f i n d s
l n ( n / m ) l n ( l  / 1  ) -  I n ( n / m - 1 ) I n (1 ) =
1 2 1 ( 3 . 1 8 )
q ( l n ( P i ) l n ( l 2 ) -  l n f P ^ l n d ^  )
F o r  a  g i v e n  q  t h e r e  w i l l  b e  a  v a l u e  o f  n / m  w h i c h  s o l v e s  E q .
( 3 . 1 8 )  a n d ,  i n  t u r n  , d e t e r m i n e  x  f r o m  E q .  ( 3 . 1 6 ) .  T h e  
d e n s i t y  e x p o n e n t  f  i s  d e t e r m i n e d  b y
n
m ( 2 *  = i  ( 3 . 1 9 )
u s i n g  S t i r l i n g  a p p r o x i m a t i o n ,  we  f i n d
( n / m - 1 ) l n ( n / m - 1 ) -  ( n / m ) l n ( n / m )
f  =   ( 3 . 2 0 )
I n ( 2 i ) -  ( n / m - 1 ) l n ( 2 2 )
T h e  e x p o n e n t  d e t e r m i n i n g  t h e  s i n g u l a r i t y  i n  t h e  m e a s u r e ,  a 
i s  d e t e r m i n e d  b y
P™ p ^ n' m) = ( i m ) a ( 3 . 2 1 )
I n ( P ) + ( n / m - 1 ) l n ( P  )
a  =    ( 3 . 2 2 )
I n (1^)  -  ( n / m - 1 ) l n ( l 2 )
T h u s ,  f o r  a n y  c h o s e n  q ,  t h e  m e a s u r e  s c a l e s  a s  a ( q )  o n
a  s e t  o f  s e g m e n t s  w h i c h  c o n v e r g e  t o  a s e t  o f  d i m e n s i o n
f ( q ) .  A s  q  i s  v a r i e d  d i f f e r e n t  r e g i o n s  o f  t h e  s e t  d e t e r m i n e
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qa
FIG. 3 . 3 .  ( a )  p l o t t e d  v s  q f o r  t h e  tw o  s c a l e  C a n t o r
s e t ,  w i t h  m e a s u r e  P = 0 . 6  a n d  P = 0 . 4  a n d  r e s c a l i n q  1 = 0 . 1 .
1 2  2
T h r e e  d i f f e r e n t  v a l u e s  o f  1 a r e  u s e d  0 . 1 ,  0 . 3  a n d  0 . 7 .  ( b )  
t h e  c o r r e s p o n d i n g  f ( < x )  s p e c t r u m s .
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D . T h e  e x t r e m e  a  v a l e s  a r e ,  q
D = a = I n P  / I n  1 a n d  D = a = I n P  / I n  1 ( 3 . 2 3 )-oo max 2 2 oo mi n 1 1
I n  F i g  3 . 3  ( b )  t h e  f ( a )  c u r v e  o b t a i n e d  f r o m  E q . ' s  ( 3 . 2 0 )
a n d  ( 3 . 2 2 )  i s  d i s p l a y  w i t h  n = 4 0 0  a n d  t h e  o t h e r  p a r a m e t e r
v a l u e s  a r e  a s  g i v e n  i n  F i g .  3 . 3  ( a ) .  F o r  q = 0  we  s i m p l y
o b t a i n  f = D  w h e r e  D i s  t h e  H a u s d o r f f  d i m e n s i o n  o f  t h e  s e t .  o o
F r o m  E q .  ( 3  1 3 )  D , i s  d e f i n e d  b y  t h e  t r a n s c e n d e n t a l  
e q u a t i o n
D D
1 °+ 1 °  = 1 ( 3 . 2 4 )1 2
W i t h  i n c r e a s i n g  1 , D t e n d s  t o  i t s  m a x im u m  v a l u e  o f  1 .^  1 o
3 .4 .4  Three Scale  C an to r Set
Some  o f  t h e  m o s t  i n t e r e s t i n g  p r o b l e m s  l i e  o n  s u p p o r t s  
o f  c o n t i n u o u s  m e a s u r e ,  i n c l u d i n g  t h e  c i r c l e  m ap  s t r a n g e
a t t r a c t o r  a n d  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  S u p p o r t s  o f  
c o n t i n u o u s  m e a s u r e  h a v e  a  H a u s d o r f f  d i m e n s i o n  D = 1 .  ( T e l ,O
1 9 8 8 )
C o n s i d e r  t h e  f o l l o w i n g  e x a m p l e :  l i = 0 . 2  1 2= 0 . 4 ,  P j = 0 . 1 ,
P = 0 . 4 5 ,  n  =1 a n d  n  = 2  N o t e  t h a t  P ¡1 >P ¡1 a n d  1 >1 .2 1  2 2 2  1 1  2 1
A l t h o u g h  t h e  m e a s u r e  o n  t h e  l i n e  s e g m e n t  i s  r e a r r a n g e d  a t  
e a c h  s t e p  o f  t h e  r e c u r s i v e  p r o c e s s ,  t h e  s u p p o r t  f o r  t h e  
m e a s u r e  r e m a i n s  a t  e a c h  s t e p  t h e  o r i g i n a l  l i n e  s e g m e n t .  
T h u s  a s  we  w o u l d  e x p e c t ,  D =1 . T h e  f ( a )  s p e c t r u m  f o r  t h e s e  
p a r a m e t e r s  i s  s h o w n  i n  F i g .  3 . 4 .  T h e  d e n s e s t  r e g i o n  o n  t h e  
l i n e  s e g m e n t  c o n t r a c t  n o t  t o  o n e  p o i n t ,  b u t  t o  a  s e t  o f  
p o i n t s  o f  f i n i t e  d i m e n s i o n .  T h e  l o w e s t  v a l u e  o f  a  a n d  D i s
CO
Dra= a = l o g ( 0 . 4 5 ) / l o g ( 0 . 4 ) = 0 . 8 7 ,  w i t h  a  c o r r e s p o n d i n g
n o n z e r o  v a l u e  o f  f = 0 . 7 5 6 .  N o t e  t h a t  t h e r e  i s  a l w a y s  o n l y
o n e  s e g m e n t  a t  t h e  l o w e s t  v a l u e s  o f  t h e  d e n s i t y ,  s o  t h a t  we
s t i l l  e x p e c t  D t o  c o r r e s p o n d  t o  a  v a l u e  o f  f = 0 .  I t  i s-00
a l s o  p o s s i b l e  t o  c o n s t r u c t  a  C a n t o r  s e t  f o r  w h i c h  t h e  m o s t  
r a r e f i e d  r e g i o n  c o r r e s p o n d s  t o  a  s e t  o f  f i n i t e  d i m e n s i o n .  
A l t e r n a t i v e  p r o c e s s e s  t h a t  c a u s e  t r u n c a t i o n  o f  t h e  f ( o c )  
s p e c t r u m  a r e  e x a m i n e d  i n  S e c  4 . 3 . 2 .
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FIG. 3 . 4 .  T h e  f u n c t i o n  f ( a )  f o r  a  C a n t o r  s e t ,  w i t h
m e a s u r e  P = 0 . 1  a n d  P = 0 . 4 5  a n d  r e s c a l i n g  2 = 0 . 2  a n d  2 = 0 . 4  1 2  1 2
w i t h  n  =1 a n d  n  = 2 .  N o t e  t h a t  D c o r r e s p o n d s  t o  a n  n o n z e r o1 2  oo
v a l u e  o f  f = 0 . 7 5 6 . . .
3.4.4 Two D i m e n s i o n a l  C a n t o r  Se t s
A  t w o  d i m e n s i o n a l  m u l t i f r a c t a l  i s  s h o w n  i n  F i g .  3 . 5
( a ) .  T h i s  s e t  c o u l d  b e  c o n s t r u c t e d  b y  t h e  f o l l o w i n g  r u l e .  
S t a r t  w i t h  a  s q u a r e  a n d  d i v i d e  i t  i n t o  1 6  p i e c e s .  R e m o v e  
a l l  p i e c e s  e x c e p t  t h e  f o u r  i n  t h e  m i d d l e ,  w h i c h  n o w  f o r m  a  
l a r g e  s q u a r e ,  a n d  t h e  f o u r  s q u a r e s  i n  t h e  c o r n e r s .  T h e n  
c o n t i n u e  t h e  p r o c e d u r e  a n d  d i v i d e  e a c h  o f  t h e  f i v e  s q u a r e s  
i n t o  f i v e  n e w  o n e s ,  a n d  s o  o n .  A  e a c h  s t a g e  o f  t h e  p r o c e s s  
h a l f  o f  t h e  o r i g i n a l  a r e a  i s  r e m o v e d .  A s  i n  t h e  o n e  
d i m e n s i o n a l  C a n t o r  s e t  t h e r e  i s  s t i l l  p o i n t s  l e f t  i n  t h e  
r e g i o n .  T h e s e  p o i n t s  w h i c h  e x i s t  i n  a n  a r e a  o f  m a g n i t u d e  
z e r o  a r e  s e p a r a t e ,  f o r m i n g  a  t w o  d i m e n s i o n a l  C a n t o r  d u s t .  A  
s i m i l a r  p r o c e s s  c a n  b e  u s e d  t o  g e n e r a t e  o t h e r  t y p e s  o f  
s t r u c t u r e s  i n  b o t h  t w o  a n d  t h r e e  d i m e n s i o n s  J o n e s  ( 1 9 9 1 ) .
T h e  f r a c t a l  o b j e c t  i n  F i g .  3 . 5  ( a )  w a s  g e n e r a t e d  u s i n g  








F I G .  3 . 5 .  ( a )  A t w o  d i m e n s i o n a l  f r a c t a l ,  w i t h  n  =1 , n 2= 4 ,
P ^ l / 2 ,  Pz= 1 / 8 ,  1 ^  1 / 2  a n d  1 ^  1 / 4 .  ( b )  t h e  f ( a )  s p e c t r u m  o f
t h e  f r a c t a l  o b j e c t  i n  ( a ) .
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g i v e n  b y  E q .  ( 4 . 1 1 )  w i t h  n l ~1 / n 2= ^ '  - 1 = 1  /  2 ,  1 = 1 / 4 ,  
P i = 1 / 2 ,  a n d  P2= l / 8 .  T h e  f ( a )  s p e c t r u m  c a n  b e  c o m p l e t e l y  
d e t e r m i n e d  i n  t e r m s  o f  t h e s e  p a r a m e t e r s  H a k a n s s o n  a n d  
R u s s b e r g  ( 1 9 9 0 ) ,  a n d  i s  g i v e n  i n  F i g .  3 . 5  ( b ) . T h e
H a u s d o r f f  d i m e n s i o n  f o r  t h i s  f r a c t a l  i s  g i v e n  b y  
D = 1 . 3 5 7 0 . . . .  N o t e  t h e  s i m i l a r i t i e s  o f  t h i s  f ( a )  s p e c t r u mO
w i t h  t h e  t h r e e  s c a l e  C a n t o r  s e t .  T w o  i m p o r t a n t  q u e s t i o n s  
c o n c e r n i n g  t h e s e  s t r u c t u r e s  w i l l  b e  a n s w e r e d  m  S e c .  4 . 4 . 3 ,  
f i r s t l y  d o  t h e s e  s t r u c t u r e s  e x i s t  i n  d y n a m i c a l  s y s t e m s  a n d  
s e c o n d l y  u n d e r  w h a t  c o n d i t i o n s  c a n  t h e y  b e  f o u n d .
defined by Eq (4.1). The generator for this object is
3 5 SCALING PROPERTIES
A n  a l t e r n a t i v e  c l a s s i f i c a t i o n  o f  a  m u l t i f r a c t a l  i s  i n  
t e r m s  o f  s c a l i n g  f u n c t i o n s .  F e i g e n b a u m  e t  a l . ( 1 9 8 9 )
c o n s i d e r e d  t h e  c a s e  o f  a n  e q u i m e a s u r e  p a r t i t i o n  w h e r e  P i s  
a  c o n s t a n t  A m a t r i x  a p p r o a c h  i s  c o n s i d e r e d  h e r e  f o r  n o n  
c o n s t a n t  P o r  1 ^ ,  C h h a b r a  e t  a l . ( 1 9 8 9 ) .  R e c e n t l y  t h i s
m a t r i x  h a s  b e e n  f o r m u l a t e d  i n t o  a n  e i g e n v a l u e  e q u a t i o n  
( K o v a c s  a n d  T e l ,  1 9 9 2 ) .  T h e  s t a r t i n g  p o i n t  f o r  o b t a i n i n g  
t h e  t r a n s f e r  m a t r i x  i s  t h e  p a r t i t i o n  f u n c t i o n
P q
r ( x , q )  = I  — l—  ( 3 . 2 5 )
i l x  i
t h e  i n d e x  i  i s  w r i t t e n  a s  a  s e q u e n c e  o f  b i n a r y ,  t e r n a r y  
n u m b e r s  ( c  , . . . , c  ) E q  ( 3 . 2 5 )  t h e n  r e a d s1 n
P ( e  , . . . , c ) q
r  ( t  , q ) = I  ----------2--------------x—  ( 3 . 2 6 )
C  , , C ^  1  ( c  , . . . , c  )n I n  1
T h e  m i c r o s c o p i c  i n f o r m a t i o n  i s  c a r r i e d  b y  t h e  s o  c a l l e d  
s c a l i n g  f u n c t i o n  ( F e i g e n b a u m  e t  a l . ,  1 9 8 6 ) .  T w o  s c a l i n g  
f u n c t i o n s  a r e  d e f i n e d  o n e  f o r  t h e  p r o b a b i l i t i e s  a n d  t h e  
o t h e r  f o r  t h e  l e n g t h s .  I n  e a c h  c a s e  t h e  s c a l i n g  f u n c t i o n  i s  
t h e  r a t i o  o f  t h e  d a u g h t e r - t o - m o t h e r
V W  • ' C, ) = P( C„ « ............C, ) / P ( ' V -  • ' E, )
^ l ^ n  + l '  = I ( Cn + 1  ^ • • • / C1 ) / l ( C n, . . . , C t )
(3.27)
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T h e  p r o b a b i l i t i e s  a n d  t h e  l e n g t h s  c a n  b e  t h u s  e x p r e s s e d  a s  
a  p r o d u c t  o f  o ' s w h i c h  c a n  b e  i n s e r t e d  i n t o  t h e  p a r t i t i o n  
s um  ( 3 . 2 6 )  t o  y i e l d
a  (c  , . . . , e ) q a  (c c ) q
v  p v n+l  ' 1 P v n'  i 'r ( z , q )  = £  - ------------------------------ z
c , , c  c r ( c  c r ( c , . . . , e )
n+l 1 1 n + l ' 1 n'
a  ( c  , . , c ) q , ..........................., c r ( c )P n - l '  ' 1 ' ' P 1
O'. ( C ) /1 n-1 1 , O' (c ) ' 1 1
( 3 . 2 8 )
S u m m a t i o n s  o n  e ’ , . .  , e ’ a r e  a d d e d  t h e s e  a r e  i m m e d i a t e l yn 2
c o m p e n s a t e d  b y  K r o n e c k e r  8 f u n c t i o n s -
T ( r , q )  = I  
c
O' ( c ,
P n + l
n + l
C ’ , . . . , C ’ n'  ' 2
, e  a ( e  , . . , e ) T ( r ( c ' , . . . , c , , e ) T' l  1 n + l  ' l  I n '  2 1
CT (C ' ,P n-1
, C , c  ) , ..................  c r ( c  )' 2 1  P I
cr ( c
1 n-1
, c ' , e  ) , ............... , c r ( e  )' 2 ' 1 ' 1 1
-  5T C C ’ , C C '2 2
( 3 . 2 9 )
A  t r a n s f e r  m a t r i x  T  i s  d e f i n e d  b y  
<e n+l 1 , e  T  2 1
= 5 e e c  c 'n n 2 2
O' ( C . . . . .  C ) 
P n + l r ' 1
cr ( e , . . . , c  )1 n + l '  ' 1
( 3 . 3 0 )
T h e n  i t  f o l l o w s  t h a t  o n e  i s  t h e  l a r g e s t  e i g e n v a l u e  o f  t h e  
m a t r i x  T .  F o r  l a r g e  n ,  E q .  ( 3 . 3 0 )  c a n  b e  c o n s i d e r e d  a s  a n  
e i g e n v a l u e  e q u a t i o n .  T h e  l o w e s t  o r d e r  n o n t r i v i a l  
a p p r o x i m a t i o n  o f  t h e  t r a n s f e r  m a t r i x  r e a d s
,(i)
o q (o ,o) /<rT (o, o) crq ( o , i ) / o ' T (o, i )p i p i
crq ( i ,o) /oT ( i , o) o~q ( i  , i ) / 0'T ( i , l )  
p l p i
(3.31)
W r i t i n g  t h e  g e n e r a l  c h a r a c t e r i s t i c  p o l y n o m i a l
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A - A
/  q  <3 \U (0, 0 ) ( 7 ( 1 , 1 ) 'P P— +
T Xa  (o, o ) cr ( i , i )l l
crq ( o , o )  crq ( i , i )  
p  p______
T Tcr (o, o ) cr ( l , l )l l
(3.32)
crq (o , i )  crq ( i ,o )p p
T Tcr ( o , i )  cr ( i , o )l l
= 0
S u c h  a n  e q u a t i o n  i s  s o l v e d  b y  a  m u l t i d i m e n s i o n a l  
N e w t o n - R a p h s o n  t e c h n i q u e .  T h e  x ( q )  v a l u e s  c a n  a r e  o b t a i n e d  
f r o m  E q .  ( 3 . 1 3 ) .  A s  e x p e c t e d  t h e  s c a l i n g  e x p o n e n t s  a r e  
r e l a t e d  t o  t h e  m e a s u r e s  a n d  l e n g t h s  o f  t h e  C a n t o r  s e t ,  
<r (o ,o)= <7 d , o ) =  P , cr ( i , i ) =  cr ( o , n =  P , cr (o,o) =p p 1 P P 2 1
a  ( i , o ) =  1 a n d  cr d , n =  cr ( o , n =  1 w i t h  A=1 . F o r  a1 1 1 1 2
p a r t i c u l a r  s e t  o f  s c a l i n g  f u n c t i o n s  t h e r e  i s  a  n o n u n i q u e  Dq
s p e c t r u m .
3 6 CONCLUSION
The p e r i o d i c  o r b i t s  o f  t h e  h y p e r b o l i c  c i r c l e  map w i t h
i n t e g e r  c o e f f i c i e n t  a l l  l i e  on  r a t i o n a l  p o i n t s  on  t h e
i n t e r v a l .  The f u n d a m e n t a l s  o f  c h a o t i c  b e h a v i o u r  m  t h i s  map
h a v e  b e e n  e x p l a i n e d  m  t e r m s  o f  t h e s e  o r b i t s  and t h e
a s s o c i a t e d  n u m e r i c a l  e r r o r  w h i c h  d e t e r m i n e s  t h e  a c c u r a c y  o f
t h e  o r b i t  W ith  non  i n t e g e r  c o e f f i c i e n t  t h e  p r o b a b i l i t y
d e n s i t y  i s  n o n u n i f o r m  and t h e  D s p e c t r u m  i s  n o t  u n i t y  f o rq
a l l  q
The t h e o r y  o f  C a n t o r  s e t s  w h i c h  i s  p e r t i n e n t  t o  t h e  
c h a r a c t e r i z a t i o n  o f  c h a o s  i n  h i g h e r  d i m e n s i o n a l  s y s t e m s  h a s  
b e e n  r e v i e w e d  S p e c i f i c a l l y  t h e  c o n c e p t  o f  e v o l u t i o n  h a s  
b e e n  i n t r o d u c e d  t o  d e s c r i b e d  t h e  c h a n g e s  m  a u n i f o r m  and a 
tw o  s c a l e  C a n t o r  s e t  a s  o n e  o f  t h e  p a r a m e t e r s  o f  t h e  s e t  i s  
c h a n g e
T h e  t e r m i n a t i o n  o f  t h e  f ( a )  s p e c t r u m  a t  a  n o n  z e r o  
v a l u e  o f  f  h a s  b e e n  e x a m i n e d  u s i n g  a  t h r e e  s c a l e  C a n t o r  
s e t  A t w o  d i m e n s i o n a l  C a n t o r  s e t  s t r u c t u r e  h a s  b e e n  
r e v i e w e d .  T h e  i m p o r t a n c e  o f  t h i s  t y p e  o f  s t r u c t u r e  t o  
d y n a m i c a l  s y s t e m s  w i l l  b e  a p p a r e n t  m  S e c .  4 . 4 . 3 .
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CHAPTER 4
DEVELOPMENT OF CHAOS IN TWO AND THREE DIMENSIONAL 
DISCRETE HYPERBOLIC SYSTEMS
4.1 INTRODUCTION
C h a o s  i n  t w o  a n d  t h r e e  d i m e n s i o n a l  d i s c r e t e  h y p e r b o l i c
s y s t e m s  i s  e x a m i n e d  m  t h i s  c h a p t e r .  I n  S e c .  4 . 2  t h e  t h e o r y
t h a t  e s t a b l i s h e s  t h e  c o n n e c t i o n  b e t w e e n  t h e  b a k e r  m ap  a n d  a  
C a n t o r  s e t  i s  r e v i e w e d .  A n a l y t i c  e x p r e s s i o n s  f o r  t h e  
g e n e r a l i z e d  e n t r o p i e s  a r e  o b t a i n e d .  T h e  c o n n e c t i o n  b e t w e e n  
g e n e r a l i z e d  d i m e n s i o n s ,  e n t r o p i e s  a n d  L y a p u n o v  e x p o n e n t s  i s  
c o n s i d e r e d  T h e  p r o c e s s e s  b y  w h i c h  a  s t r a n g e  a t t r a c t o r  c a n  
b e  c r e a t e d  a n d  t h e  e v o l u t i o n  o f  t h e  s t r u c t u r e  i n  t h e s e  
a t t r a c t o r s  w i l l  b e  e x a m i n e d .  I n  S e c .  4 . 3  a  p r u n e d  b a k e r  m ap  
w i t h  a n  i n c o m p l e t e  s e t  o f  p e r i o d i c  o r b i t s  i s  e x a m i n e d .
N u m e r i c a l  m e t h o d s  a r e  u s e d  t o  e x t r a c t  t h e s e  o r b i t s .  T h e  
e f f e c t  o f  p r u n i n g  o n  t h e  C a n t o r  s e t  a n d  t h e  a s s o c i a t e d  f ( a )  
s p e c t r u m  i s  i n v e s t i g a t e d .  S e c .  4 . 4  i s  b a s e d  o n  a  h y p e r b o l i c  
t o r a l  m a p  m  t w o  a n d  t h r e e  d i m e n s i o n a l  s p a c e .  A  
u n d e r s t a n d i n g  o f  t h e  p r o p e r t i e s  o f  t h e  u n s t a b l e  m a n i f o l d  
a l l o w  e f f i c i e n t  c o m p u t a t i o n  o f  t h e  d i m e n s i o n  s p e c t r a .  A  n e w  
t y p e  o f  s t r u c t u r e  n o t  p r e v i o u s l y  o b s e r v e d  i n  d y n a m i c a l
s y s t e m s  i s  a n a l y z e d .  C o n c l u s i o n s  a r e  g i v e n  i n  S e c .  4 . 5 .
4.2 BAKER MAP
T h e  g e n e r a l i z e d  b a k e r  m ap  i s  d e f i n e d  ( B a l a t o n i  a n d  
R e n j i ,  1 9 5 6  a n d  F a r m e r  e t  a l . , 1 9 8 3 )  b y  t h e  r e c u r s i o n
r e l a t i o n s  o n  t h e  u n i t  s q u a r e
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R X
1 0 i  Y i  S
X Y .  / S
i  +  l ( 4 . 1  )
Y
i  +  l
r l / 2 + R 2 X . )
( Y —S ) /  (1 —S )
w i t h  R ^ , R2 < l / 2 ,  S < 1 .  T h e  s t r a n g e  a t t r a c t o r  i s  t h e  c l o s u r e  
o f  t h e  u n s t a b l e  m a n i f o l d s  o f  t h e  p e r i o d i c  p o i n t s .  T h e  
a t t r a c t o r  l i e s  a l o n g  t h e  u n s t a b l e  m a n i f o l d  i n  t h e  Y 
d i r e c t i o n  w i t h  t h e  C a n t o r  s e t  i n  t h e  X d i r e c t i o n .  T h i s  
m a n i f o l d  o r i g i n a t i n g  f r o m  t h e  p e r i o d i c  o r b i t s  c o n s i s t s  o f  
a n  i n f i n i t e  n u m b e r  o f  l i n e  s e g m e n t s .  T h i s  a  u n i f o r m l y  
h y p e r b o l i c  s y s t e m ,  b y  u n i f o r m  we  m e a n  t h e  p r o b a b i l i t y  
d e n s i t y  i s  c o n s t a n t  a l o n g  t h e  u n s t a b l e  m a n i f o l d .  B e c a u s e  o f  
h y p e r b o l i c i t y  s t a b l e  a n d  u n s t a b l e  d i r e c t i o n s  a r e  d e f i n e d  
e v e r y w h e r e .  H y p e r b o l i c  s y s t e m s  a r e  d e f i n e d  t h r o u g h  t h e  
f o l l o w i n g  d e f i n i t i o n ,  we  w i l l  c o n f i n e  o u r  a t t e n t i o n  t o  t h e  
p l a n e .
D e f i n i t i o n  4 . 1 .  L e t  F : R2 ------ » 1R2 b e  c o n t i n u o u s  a n d  Cr . A
s e t  A i s  c a l l e d  a  h y p e r b o l i c  s e t  f o r  F i f
1 .  F o r  e a c h  p o i n t  p  e A ,  t h e r e  a r e  a  p a i r  o f  l i n e s  E s ( p )  
a n d  Eu ( p )  i n  t h e  t a n g e n t  p l a n e  a t  p  w h i c h  a r e  
p r e s e r v e d  b y  D F ( p ) .
2 .  E s ( p )  a n d  E u ( p )  v a r y  c o n t i n u o u s l y  w i t h  p .
3 .  T h e r e  i s  a  c o n s t a n t  X > 1 s u c h  t h a t  | D F ( p ) ( v ) |  ^  X | v |  
f o r  a l l  v  e Eu ( p )  a n d  | D F " 1 ( p ) ( v ) |  > A | v |  f o r  a l l  v  €
R o u g h l y  s p e a k i n g  t h e  t e r m  h y p e r b o l i c  m e a n s  t h a t  a t  e a c h  
p o i n t  i n  t h e  d o m a i n  o f  t h e  m ap  t h e r e  i s  a  s p l i t t i n g  o f  t h e  
d o m a i n  i n t o  a  p a r t  w h i c h  i s  s t r o n g l y  c o n t r a c t i n g  ( t h e  
h o r i z o n t a l  d i r e c t i o n )  a n d  a  p a r t  w h i c h  i s  s t r o n g l y  
e x p a n d i n g  ( t h e  v e r t i c a l  d i r e c t i o n ) .  T h i s  r e s u l t s  i n  a n  
i n v a r i a n t  s e t  c a l l e d  a  s t r a n g e  a t t r a c t o r .
4 .2 .1  Re lat io n s h ip  of Baker  M a p  to  Can to r  Set
U s i n g  s y m b o l i c  d y n a m i c s  P r o c a c c i a  ( 1 9 8 7 )  w i t h  X ( X , Y )
E s ( p )  .
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= 1 f o r  Y>S  a n d  X ( X , Y ) = 0  f o r  Y < S ,  e v e r y  s e q u e n c e  o f  1 ' s  a n d  
0 ' s  i s  a l l o w e d ,  a n d  i n  p a r t i c u l a r  t h e r e  a r e  2 n o r b i t s  
b e l o n g i n q  t o  a n  u n s t a b l e  o r b i t  o f  p e r i o d  n .  T h e  e i g e n v a l u e s  
o f  t h e  n - c y c l e  d e p e n d  o n l y  o n  t h e  n u m b e r  o f  1 ' s  a n d  0 ' s  m
t h e  s e q u e n c e  D e n o t i n g  t h e  n u m b e r  o f  0 ' s  b y  m, we  h a v e
c <"> = S ” m( 1 - S  , c <n) = R*  R <n- m) ( 4 . 2 )
U s i n g  E q  ( 2 . 4 8 ) ,  w h i c h  r e l a t e s  t h e  p a r t i t i o n  f u n c t i o n  t o  
t h e  s t a b i l i t y  o f  t h e  u n s t a b l e  o r b i t s  ( G r b o g i  e t  a l . , 
1 9 8 7 ) ,
r ( q ,  D) = I  cp c~2T(q) ( 4 . 3 )
w h e r e  t h e  s um  i s  o v e r  a l l  a l l o w e d  u n s t a b l e  o r b i t s  o f  p e r i o d
n  x ( q )  i s  d e f i n e d  s u c h  t h a t  i t  t a k e s  i n t o  a c c o u n t  t h e
d i m e n s i o n  a l o n g  t h e  u n s t a b l e  m a n i f o l d
r ( q )  = (D  - 1 ) ( q - 1 ) ( 4 . 4 )
q
E q  ( 4  3 )  c a n  o n l y  b e  u s e d  w h e n  t h e  p r o b a b i l i t y  d e n s i t y  i s
u n i f o r m  a l o n g  t h e  u n s t a b l e  m a n i f o l d .  I n s e r t i n g  E q .  ( 4 . 2 )
i n t o  E q .  ( 4  3 ) ,  g i v e s
r  ( q , D ) = I N  ( R» R ( n - » ) j - T ( q )  ( 4 5 )
nm 1 2m=0
w h e r e  N i s  t h e  n u m b e r  o f  f i x e d  p o i n t s  o f  t h e  n  t i m e snm
i t e r a t e d  m ap  w h i c h  b e l o n g  t o  p e r i o d i c  o r b i t  w i t h  m 0 ' s  i n  
i t s  s e q u e n c e .  I t  c a n  b e  s h o w n  t h a t  N i s  t h e  n u m b e r  o fnm
w a y s  o f  a r r a n g i n g  m z e r o s  a n d  n - m  o n e s ,
nN = ,
nm I HI
( 4 . 6 )
A p a r t  f r o m  t h e  p o w e r  ( D ^ - 1  ) E q .  ( 4 . 5 )  i s  e q u i v a l e n t  t o  E q .
( 3 . 1 4 )  w h i c h  w a s  o b t a i n e d  f o r  t h e  t w o  s c a l e  c a n t o r  s e t .  T h e
p a r a m e t e r s  S ,  ( 1 - S ) ,  R , a n d  R a r e  e q u i v a l e n t  t o  P , P ,1 2  1 2
1 , a n d  1 o f  t h e  t w o  s c a l e  C a n t o r  s e t .  T h r e e  d i f f e r e n t  D1 2  q
s p e c t r a  a r e  s h o w n  m  F i g .  3 . 3  ( a ) .  P a o l i  e t  a l . ( 1 9 8 9 )  h a v e
o b s e r v e d  p h a s e  t r a n s i t i o n s  m  t h e  D s p e c t r u m  f o r  aq
h y p e r b o l i c  b a k e r  m ap  w i t h  d i m e n s i o n  ^ 3 .
4 .2  2 Ge n e r a l ize d  Entro py  Spec tr u m
T h e  g e n e r a l i z e d  e n t r o p i e s  a n d  t h e i r  L e g e n d r e  t r a n s f o r m
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c a n  b e  d e f i n e d  t h r o u g h  t h e  f o l l o w i n g  r e l a t i o n s h i p  ( E c k m a n n  
a n d  P r o c a c c i a ,  1 9 8 6 ) ,
Z f  £  ]  Smq ( 1 - S ) <n' m)q = e x p ( - n  iS- (q)  ) ( 4 . 7 )
m=0  ^ '
W h e r e  # ( q )  = ( q - 1  ) K  = A q  - g ( A )  . I n  t h e  l i m i t  n —>00 t h eq
l a r g e s t  t e r m  m  t h e  s um  o f  t h e  r i g h t  h a n d  s i d e  o f  E q .  ( 4 . 7 )  
s h o u l d  d o m i n a t e .  T o  f i n d  t h i s  t e r m  i t  i s  n e c e s s a r y  t o  s o l v e
5m I n JJ I Smq ( 1 - S ) (n"m)q = 0  ( 4 . 8 )
U s i n g  S t i r l i n g  a p p r o x i m a t i o n ,  i t  i s  p o s s i b l e  t o  e x p r e s s  q  
a s  a  f u n c t i o n  o f  n / m
_ l n ( n / m - 1 ) . .
q  I n ( 1 - S ) - l n ( S ) ( 4 . 9 )
T h e  d e n s i t y  e x p o n e n t  g ( A ) i s  d e t e r m i n e d  b y
= e x p (  n  g ( A )  ) ( 4 . 1 0 )nm
w h e r e  a g a i n  u s i n g  S t i r l i n g  a p p r o x i m a t i o n ,  we  f i n d
g  = l n ( n / m )  -  ( 1 - m / n ) I n ( n / m - 1 ) ( 4 . 1 1 )
T h e  e x p o n e n t  d e t e r m i n i n g  t h e  s i n g u l a r i t y  m  t h e  m e a s u r e ,  A  
i s  d e t e r m i n e d  b y
Smq( 1 - S ) (n-m)q= e x p ( - n A q )  ( 4 . 1 2 )
o r ,  a l t e r n a t i v e l y ,
A  = ml n ( S ) + ( n - m ) l n ( l - S )  ^  1 3 ^
T h u s ,  f o r  a n y  c h o s e n  q ,  t h e  m e a s u r e  s c a l e s  a s  A ( q )  o n
a  s e t  o f  s e g m e n t s  w h i c h  c o n v e r g e  t o  a  s e t  o f  e n t r o p y  g ( q ) .
A s  q  i s  v a r i e d ,  d i f f e r e n t  r e g i o n s  o f  t h e  s e t  d e t e r m i n e  K .q
F i g  4 1 s h o w s  g ( A )  a g a i n s t  A  f o r  t h r e e  v a l u e s  o f  S ,  n a m e l y  
S = 0 . 2 ,  0 . 3  a n d  0 . 4 .  P h a s e  t r a n s i t i o n s  a s s o c i a t e d  w i t h  t h e  
s p e c t r u m  o f  g e n e r a l i z e d  e n t r o p i e s  h a v e  b e e n  s t u d i e d  b y  S a t o  
a n d  H o n d a  ( 1 9 9 0 )  f o r  s o m e  o n e  d i m e n s i o n a l  s y s t e m s .
T h e  f o l l o w i n g  r e l a t i o n s h i p s  c a n  b e  e s t a b l i s h e d  b e t w e e n
K a n d  t h e  g e n e r a l i z e d  p a r t i a l  d i m e n s i o n s  d ( l ) , ( E c k m a n n
a n d  R u l l e ,  1 9 8 5  a n d  B a d u  a n d  P o l i t i ,  1 9 8 7 ) .
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K = I n  c + d i l }  = - I n  e "  d (2) ( 4 . 1 4 )
q  q  q  q  q
w h e r e  d (1) & d (2>  a r e  t h e  p a r t i a l  d i m e n s i o n s  o f  t h e
u n s t a b l e  a n d  s t a b l e  m a n i f o l d s  r e s p e c t i v e l y ,  a n d  e + & e "  a r eq q
t h e  g e n e r a l i z e d  e i g e n v a l u e s  o f  t h e  u n s t a b l e  a n d  s t a b l e  
m a n i f o l d s  r e s p e c t i v e l y .  E q  ( 4 . 1 4 )  c a n  b e  g e n e r a l i z e d  t o
m o r e  t h a n  t w o  d i m e n s i o n s .  F o r  t h e  b a k e r  m ap  d ( l )  = 1 f o r  a l l
( 2 ) ^ q ,  w h i l e  d  i s  t h e  f r a c t i o n a l  p a r t  o f  D .
r
0  1 2
■> X
FIG. 4 . 1 .  g ( e )  f o r  t h r e e  d i f f e r e n t  v a l u e s  o f  S = 0 . 2 ,  0 . 3  
a n d  0 . 4 .  T h e  r a n g e  o f  c  e x t e n d s  f o r  f i x e d  S ,  f r o m  - l n ( 1 - S )  
t o  - l n ( S ) .
4 2 .2  De v e l o p m e n t  o f  S t r a n g e  A t t r a c t o r s
T h e  f o l l o w i n g  d e f i n i t i o n  i s  u s e d  t o  d e f i n e  a  s t r a n g e  
a t t r a c t o r .
D e f i n i t i o n  4 . 2 .  S u p p o s e  A c  IRn i s  a n  a t t r a c t o r .  T h e n  A i s  
c a l l e d  a  s t r a n g e  a t t r a c t o r  i f
1 . T h e r e  i s  a  t r a p p i n g  r e g i o n ,  M, i n  t h e  p h a s e  s p a c e  IRn .
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2 .  M c o n t a i n s  a  c h a o t i c  i n v a r i a n t  C a n t o r  s e t  A  o n  w h i c h  
t h e  d y n a m i c s  a r e  t o p o l o g i c a l l y  c o n j u g a t e  t o  a  f u l l  
s h i f t  o f  N s y m b o l s
3 .  T h e  s e n s i t i v e  d e p e n d e n c e  o n  i n i t i a l  c o n d i t i o n s  o n  A  
e x t e n d s  t o  A
4.  A i s  t o p o l o g i c a l l y  t r a n s i t i v e  o n  A .
5 .  T h e  p e r i o d i c  o r b i t s  a r e  d e n s e  i n  A.
T h i s  d e f i n i t i o n  e x c l u d e s  t h e  f o l l o w i n g  f r o m  b e i n g  s t r a n g e  
a t t r a c t o r s :  a l l  o n e  d i m e n s i o n a l  m a p p i n g s ,  c o n s e r v a t i v e
s y s t e m s  a n d  n o n - d i s s i p a t i v e  s y s t e m s .  T h e  c a n  b e  p r o v e d  o n l y  
f o r  t h e  s i m p l e s t  o f  s y s t e m s  d u e  t o  t h e  d i f f i c u l t l y  o f
s h o w i n g  t h a t  A  i s  t o p o l o g i c a l l y  t r a n s i t i v e .  A  n o n  i n t e g e r  
H a u s d o r f f  d i m e n s i o n ,  ( g r e a t e r  t h a n  o n e  f o r  d i s c r e t e  s y s t e m s  
a n d  g r e a t e r  t h a n  t w o  f o r  c o n t i n u o u s  s y s t e m s ) ,  a  p o s i t i v e
e n t r o p y  a n d  a  C a n t o r  s e t  w o u l d  b e  n u m e r i c a l  e v i d e n c e  t o
s u g g e s t  t h e  e x i s t e n c e  o f  a  s t r a n g e  a t t r a c t o r .
F o r  S = 1 / 2  a n d  R =R j =R 2 t h e  L y a p u n o v  s t a b i l i t y  o f  t h e
n - c y c l e  o f  E q  ( 4 . 1 )  i s  d e n o t e d  b y ,
\ ‘n) = l o g  Sn , A *n) = l o g  | R | n ( 4 . 1 5 )
F o r  R s  1 / 2  t h e  d i m e n s i o n  s p e c t r u m  D i sq
D = 1 + l o g ( S ) / l o g ( I R I ) ( 4 . 1 6 )q 1
T h e  g l o b a l  d i m e n s i o n  o f  t h e  s y s t e m  i s  e q u a l  t h e  d i m e n s i o n
o f  t h e  i n d i v i d u a l  o r b i t s  T h i s  f o r m  o f  t h e  b a k e r  m ap  i s
e q u i v a l e n t  t o  t h e  u n i f o r m  C a n t o r  s e t ,  e x a m i n e d  i n  s e c t i o n
3 . 4 . 2 ,  w i t h  a  p o i n t  f ( a )  s p e c t r u m .  F o u r  a t t r a c t o r s
b e l o n g i n g  t o  t h i s  m ap  a r e  s h o w n  i n  F i g .  4 . 2  ( a ) - ( d )  f o r
S = 1 / 2  a n d  R= 0 . 1 ,  0 . 3 ,  0 . 4 ,  0 . 5  r e s p e c t i v e l y .  T h e
d i m e n s i o n s  D a r e  1 3 ,  1 5 8 ,  1 . 7 5  a n d  2 . 0  r e s p e c t i v e l y .  T h e
f i r s t  t h r e e  a r e  e x a m p l e s  o f  s t r a n g e  a t t r a c t o r s  a n d  a r e  s e l f
s i m i l a r  u n d e r  a l l  s c a l e s  o f  m a g n i f i c a t i o n .
F o r  a l l  v a l u e s  o f  R t h e  G r a s s b e r g e r  d i m e n s i o n  D o f
t h e  Y t i m e  s e r i e s  i s  D2~ 1 . 0 ,  w i t h  e n t r o p y  K 2= l o g  2 = 0 . 7 .
I n  t h e  X d i r e c t i o n  D i s  a p p r o x i m a t e l y  t h e  f r a c t i o n a l  p a r t
D , w i t h  t h e  s a m e  e n t r o p y  A s  R i s  i n c r e a s e d  f r o m  0 t o  0 . 5  q
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t h e  d i m e n s i o n  o f  t h e  a t t r a c t o r  c h a n g e s  f r o m  1 . 0  t o  2 . 0 ,  
w h i l e  t h e  d i m e n s i o n  o f  t h e  u n d e r l i n i n g  C a n t o r  s e t  c h a n g e s  
f r o m  0 t o  1 . 0 .  T h e  t o t a l  n u m b e r  o f  o r b i t s  i s  f i x e d  a t  2 n . 
L e t  u s  e x a m i n e  t h e  u n d e r l i n e  p r o c e s s  t h a t  i s  r e s p o n s i b l e  
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FIG. 4 . 2 .  A t t r a c t o r s  f o r  t h e  B a k e r  m ap  w i t h  S = 1 / 2 , ( a )
R = 0 . 1 ,  ( b )  R = 0 . 3 ,  ( c )  R = 0 . 4  a n d  ( d )  R = 0 . 5 .  T h e  s t r u c t u r e  o f  
t h e s e  a t t r a c t o r s  i s  r e l a t e d  t o  t h e  m i d d l e  t h i r d  C a n t o r  s e t .
I t  i s  n o t e d  f r o m  F i g  4 . 2  t h a t  t h e r e  i s  a  m o v e m e n t  o f
t h e  a t t r a c t o r  t o w a r d s  X = 0 . 5 .  A s  R i s  i n c r e a s e d  t h e  u n s t a b l e
o r b i t s  a r e  r e d i s t r i b u t e d  c a u s i n g  c h a n g e s  i n  t h e  s t r u c t u r e
o f  t h e  a t t r a c t o r .  S i n c e  t h e  d i m e n s i o n  D i n  t h e  Y d i r e c t i o nq
i s  c o n s t a n t  t h e  i n c r e a s e  i n  d i m e n s i o n  a n d  t h e  c o r r e s p o n d i n g
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c h a n g e  i n  s t r u c t u r e  i s  r e l a t e d  t o  c h a n g e s  i n  t h e  C a n t o r
s e t .  T h e  H a u s d o r f f  d i m e n s i o n  D o f  a  o n e  d i m e n s i o n a lo
u n s t a b l e  m a n i f o l d  i s  o n e ,  t h e r e f o r e  t h e  i n c r e a s e  i n  
H a u s d o r f f  d i m e n s i o n  f o r  a  t w o  d i m e n s i o n a l  s y s t e m  i s  d u e  t o  
c h a n g e s  i n  t h e  d i m e n s i o n  o f  t h e  C a n t o r  s e t .  T h i s  r e s u l t  i s  
t r u e  f o r  s y s t e m s  l i k e  t h e  n o n - u n i f o r m  t o r a l  m ap  ( S e c .  4 . 4 )  
a n d  t h e  n o n h y p e r b o l i c  H e n o n  m ap  ( S e c .  5 . 3 ) .
4.3 PRUNED BAKER MAP
C o n s i d e r  t h e  b a k e r  m ap  i n  t h e  f o l l o w i n g  f o r m  ( G r a h a m  
a n d  Hamm, 1 9 91  ) ,
X Ii + 1 _  „
Y i+ l ;
1 R X1 i
T  Y
1 - R  (1 - X  )2 i
1 —T (1 —Y )i
0 < Y * 1/2
( 4 . 1 7 )
1/2
w i t h  R i = 0 . 4  a n d  R 2 = 0 . 6  S t r a n g e  a t t r a c t o r s  a r e  o b t a i n e d  f o r  
1 < T ^ 2 .  S t r a n g e  r e p e l l e r s  a p p e a r  f o r  T > 2 .  I n  t h i s  f o r m  t h e  
n u m b e r  o f  p e r i o d i c  o r b i t s  o f  p e r i o d  n  i s  d e p e n d e n t  o n  t h e  
p a r a m e t e r  T .  I n  t h i s  s e c t i o n  t h e  a l l o w e d  o r b i t s  a r e  
e x t r a c t e d  a n d  u s e d  t o  d e t e r m i n e  t h e  f ( a )  s p e c t r u m .
4.3.1 Sy m b o l ic  Dy n a m ic s
N u m e r i c a l  m e t h o d s  a r e  u s e d  t o  o b t a i n  t h e  u n s t a b l e  
p e r i o d i c  o r b i t s .  T h e s e  o r b i t s  a r e  p r u n e d  i n  a  s y s t e m a t i c  
w a y .  T o  d i s p l a y  t h e  e f f e c t s  o f  t h i s  p r u n i n g  t h e  o r b i t s  a r e  
r e p r e s e n t e d  i n  t h e  s y m b o l i c  p l a n e  w h e r e  m i s s i n g  b l o c k s  
c o r r e s p o n d  t o  p r u n e d  o r b i t s .  T h e  s y m b o l i c  d y n a m i c s  o f  E q .
( 4 . 1 7 )  a r e  d e t e r m i n e d  f r o m  t h e  Y c o - o r d i n a t e  o f  t h e  m a p .  N
n
d e n o t e s  t h e  t o t a l  n u m b e r  o f  o r b i t s  o f  p e r i o d  n  o b t a i n e d  
n u m e r i c a l l y ,  u s i n g  t h e  t e c h n i q u e s  d e s c r i b e d  i n  S e c .  
( 2 . 6 . 2 ) .  T h e  t h e o r e t i c a l  n u m b e r  o f  p e r i o d i c  o r b i t s  o f  
p e r i o d  n  e x p e c t e d  f r o m  t h e  u n i v e r s a l  g r a m m a r  i s  T n . T h e  
n u m b e r  o f  p e r i o d i c  p o i n t s  b e l o n g i n g  t o  p e r i o d i c  o r b i t s  o f  
l e n g t h  n  i n  t h e  m ap  a r e  p r e s e n t e d  i n  T a b l e  4 . 1  f o r  f o u r  
v a l u e s  o f  T ,  n a m e l y  T = 1 . 2 ,  1 . 4 8 ,  1 . 8  a n d  2 . 0 .  T h e  s m a l l e r
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t h e  v a l u e  o f  T  t h e  s l o w e r  t h e  c o n v e r g e n c e  o f  N t o  t h e
n
t h e o r e t i c a l  v a l u e  T n . A n  n  o r d e r  a p p r o x i m a t e  t o  t h e  
t o p o l o g i c a l  e n t r o p y ,  Kq , c a n  b e  c a l c u l a t e d  f r o m  E q .  ( 2 . 4 4 )  
a n d  i s  g i v e n  i n  T a b l e  4 . 1 .
T a b l e  4 . 1 .
T h e  n u m b e r  o f  p e r i o d i c  p o i n t s  b e l o n g i n g  t o  p e r i o d i c  o r b i t s  
o f  l e n g t h  n  i n  t h e  b a k e r  m a p .  T h e  t h i r d  c o l u m n  i s  t h e  
t h e o r e t i c a l  v a l u e  e x p e c t e d  f r o m  t h e  u n i v e r s a l  g r a m m a r .  T h e  
f o u r t h  c o l u m n  i s  t h e  n u m b e r  o f  o r b i t s  o b t a i n e d .  T h e  l a s t  
c o l u m n  i s  t h e  n th o r d e r  a p p r o x i m a t e  o f  t h e  t o p o l o g i c a l  
e n t r o p y .
T P e r i o d  n T n N
n
K ( n )
0
1 . 2 24 80 2 6 8 0 . 2 3 2 9
28 1 64 4 5 0 0 . 2 1 8 2
32 341 1 0 2 0 0 . 2 1 6 5
00 0 . 1 8 2 3
1 . 48 24 1 21 97 1 2 6 5 4 0 . 3 9 3 5
26 2 6 7 1 8 2 7 51  0 0 . 3 9 3 2
27 3 9 5 4 2 3 8 7 3 6 0 . 3 9 1 3
00 0 . 3 9 2 0
1 . 8 1 2 1 1 56 1 1 52 0 . 5 8 7 4
1 4 3 7 4 8 3 7 8 2 0 . 5 8 8 4
18 3 9 3 4 6 3 9 3 1  4 0 . 5 8 7 7
00 0 . 5 8 7 8
2 . 0 1 3 8 1 9 2 81 9 2 0 . 6 9 3 1
1 4 1 6 3 8 4 1 6 3 8 4 0 . 6 9 3 1
1 5 3 2 7 6 8 3 2 7 6 8 0 . 6 9 3 1
00 • • • 0 . 6 9 3 1
E a c h  o r b i t  h a s  a  u n i q u e  b i n a r y  l a b e l  a n d  t h e  p e r i o d i c  
p o i n t s  l i e  o n  a  b i n a r y  t r e e .  T h e  s y m b o l i c  s e q u e n c e  o f  a  
p e r i o d i c  p o i n t  o f  p e r i o d  n  h a s  t h e  f o r m  ( a  , a  , . . . , a  ) .  T h e
1 2  n
p a r t i t i o n  i s  a t  Y = 0 . 5 .  T h e  p a r t i t i o n  d e f i n e s  a ^ O  f o r  a  Y 
l e s s  t h a n  0 . 5  a n d  a .  = 1 f o r  Y g r e a t e r  t h a n  0 . 5 .  N u m e r i c a l l y  
p e r i o d i c  p o i n t s  h a v e  b e e n  c a l c u l a t e d  f o r  p e r i o d s  u p  t o
6 0
p e r i o d  3 2 .  A n y  o r b i t  o n  t h e  a t t r a c t o r  c a n  b e  r e p r e s e n t e d  b y  
a  p a i r  o f  n u m b e r s  r  a n d  S c a l l e d  t h e  s y m b o l i c  p l a n e  
( C v i t a n o v i c  e t  a l . ,  1 9 8 8 ) .  5 a n d  j  a r e  d e f i n e d  a s
oo k
6 = 1 -  £  d  2 k w h e r e  d  = Y ( 1 - a  ) mod  2^  k k u  - 1k = 1 1=1
( 4 . 1 8 )
Y c  2 k w h e r e  c  = Y a  m od  2k k 1k =1 1=1
T h e  s y m b o l  p l a n e  f o r  T = 1 . 4 8  i s  s h o w n  i n  F i g .  4 . 3  ( a ) .
P o i n t s  b e l o n g i n g  t o  p e r i o d i c  o r b i t s  o f  l e n g t h  2 6  a r e  
p l o t t e d .  A l l o w e d  o r b i t s  a r e  r e p r e s e n t e d  b y  b l o c k s  i n  t h e  
s y m b o l i c  p l a n e .  I n  c o n t r a s t  t h e  s y m b o l i c  p l a n e  f o r  T = 1 . 8  i s  
s h o w n  i n  F i g .  4 . 3  ( b ) ,  u s i n g  p e r i o d i c  p o i n t s  b e l o n g i n g  t o  
p e r i o d i c  o r b i t s  o f  l e n g t h  1 6 .  A c o m p a r i s o n  o f  ( a )  a n d  ( b )  
s h o w s  t h a t  t h e  f o r b i d d e n  o r b i t s  a r e  r e p r e s e n t e d  b y  c u t  o u t  
r e c t a n g l e s  i n  t h e  s y m b o l i c  p l a n e .  I n  T a b l e  4 . 2  t h e  g r a m m a r  
f o r  t h e  f o r b i d d e n  w o r d s  i s  g i v e n  f o r  t w o  v a l u e s  o f  T = 1 . 2  
a n d  1 . 4 .
1.0
(a)
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F I G .  4 . 3 .  T h e  s y m b o l i c  p l a n e  o f  t h e  b a k e r  m ap  ( a )  T = 1 . 4 8 ,  
( b )  T = 1 . 8 .
S h o w n  i n  F i g .  4 . 4  i s  t h e  s t r a n g e  a t t r a c t o r  f o r  T = 1 . 4 8  
a n d  T = 1 . 8 .  T h e  a t t r a c t o r  h a s  a  u n i f o r m  p r o b a b i l i t y  i n  t h e  Y 
d i r e c t i o n  a n d  i n  t h e  X d i r e c t i o n  t h e  s t a b l e  m a n i f o l d  l i e s  
o n  a  p r u n e d  C a n t o r  s e t .  I n  F i g  4 . 4  w e  c a n  o b s e r v e  t h e
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e f f e c t s  o f  a n  i n c r e a s e  i n  e n t r o p y ,  w h e n  t h e  p a r a m e t e r  T  i s  
i n c r e a s e d  t h e  n u m b e r  o f  o r b i t s  o f  p e r i o d  n  i n c r e a s e s  
r e s u l t i n g  n e w  s t r u c t u r e  t h a t  w a s  n o t  p r e v i o u s l y  p r e s e n t .
T a b l e  4 . 2 .
L i s t  o f  f o r b i d d e n  w o r d s  i n  t h e  b a k e r  m a p  f o r  T = 1 . 2  a n d  1 . 4
T = 1 . 2 T = l . 4
P e r i o d F o r b i d d e n  W o r d P e r i o d F o r b i d d e n  W o r d
3 0 0 0 3 0 0 0
3 111 3 111
6 1 0 0 1 0 0 6 1 0 0 1 0 0
6 1 1 0 1 1 0 6 1 1 0 1 1 0
7 1 0 1 0 1 0 0 9 1 1 0 0 1 0 1 0 0
7 1 1 0 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0 0
9 1 1 0 0 1 0 1 0 0 10 1 1 0 1 0 1 1 0 1 0
10 1 0 1 0 0 1 0 1 0 0 12 1 0 1 0 1 0 1 0 1 1 0 0
10 1 1 0 1 0 1 1 0 1 0 12 1 1 0 1 0 1 0 1 0 1 0 0
10 1 0 1 1 0 0 1 1 0 0 1 4 1 0 1 0 1 0 0 1 0 1 0 1 0 0
1 2 1 1 0 1 0 0 1 1 0 1 0 0 1 4 1 1 0 1 0 1 0 1 1 0 1 0 1 0





F I G .  4 . 4 .  A t t r a c t o r s  f o r  t h e  B a k e r  m a p ,  ( a )  T = 1 . 4 8  a n d  
( b )  T = 1 . 8 .
62
4 3 2 Pruned  Can to r  Se t s - F (°0  Spec tr u m
T h e  p r o p e r t i e s  o f  t h e  f ( a )  s p e c t r u m  f o r  t h i s  p r u n e d  
C a n t o r  s e t  a r e  i n v e s t i g a t e d  f o r  t h r e e  v a l u e s  o f  T ,  n a m e l y ,  
T = 1 . 4 8 ,  1 . 8  a n d  2 . 0 .  T w o  t e c h n i q u e s  a r e  a d o p t e d  t o
c a l c u l a t e  t h e  f ( a )  s p e c t r u m .  T h e  f i r s t  u s e s  t h e  a n a l y t i c  
e q u a t i o n s  o f  A u e r b a c h  e t  a l . ( 1 9 8 8 ) ,  h o w e v e r  t h i s  t e c h n i q u e  
h a s  t h e  d r a w  b a c k  t h a t  t h e  s o l u t i o n  o n l y  c o n v e r g e s  f o r  n  
l a r g e .  T h e  s e c o n d  m e t h o d  i s  t o  i m p l e m e n t  E q .  ( 4 . 3 )  
n u m e r i c a l l y  I n  b o t h  c a s e s  t h e  a l l o w e d  o r b i t s  a r e  
n u m e r i c a l l y  c a l c u l a t e d .
A u e r b a c h  e t  a l  ( 1 9 8 8 )  p r o p o s e d  t h e  f o l l o w i n g  e q u a t i o n  
w h i c h  r e l a t e s  t h e  s t a b i l i t y  o f  t h e  p e r i o d i c  o r b i t s  t o  t h e  
s c a l i n g  e x p o n e n t s ,
A l n )a  +A (n)a  = 0  ( 4 . 1 9 )1 1 2  2
w h e r e  a  & a 2 a r e  t h e  s c a l i n g  e x p o n e n t s  i n  t h e  e x p a n d i n g  
a n d  c o n t r a c t i n g  d i r e c t i o n  r e s p e c t i v e l y  a n d  A^n> & A^n) a r e  
t h e  e x p a n d i n g  a n d  c o n t r a c t i n g  L y a p u n o v  e x p o n e n t s  o f  p e r i o d  
n .  A s  we  h a v e  a l r e a d y  o b s e r v e d ,  f o r  u n i f o r m  h y p e r b o l i c  
a t t r a c t o r s  t h e  m e a s u r e  i s  a b s o l u t e l y  c o n t i n u o u s  i n  t h e  
e x p a n d i n g  d i r e c t i o n ,  a  = 1 .  T h e r e f o r e
a = a + a = 1 -  A <n>/  A (n> ( 4 . 2 0 )1 2  1 2
A l l  t h a t  r e m a i n s  t h e r e f o r e  i s  t o  l o c a t e  t h e  p e r i o d i c  
o r b i t s ,  c a l c u l a t e  t h e i r  s t a b i l i t i e s  a n d  c o u n t  h o w  m a n y  
t i m e s  t h e  v a l u e  a f a l l s  i n  a n  i n t e r v a l  o f  s i z e  A a .  T h e  
t o t a l  n u m b e r  i s  d e n o t e d  b y  N ( a ) .  T h e  v a l u e  o f  f  i s  
c a l c u l a t e d  a s  f o l l o w s :  T h e  t y p i c a l  l e n g t h  s c a l e  1 ( a )
a s s o c i a t e d  w i t h  a  c y c l e  o f  o r d e r  n  i s  1 ( a ) = e x p ( A ^ n>) . I f  
o n l y  c o n t r i b u t i o n  f r o m  l o w e r - o r d e r  c y c l e s  a r e  f o u n d ,  s a y  
k < n  t h e n  1 ( a ) = e x p ( A^n)n / k ) . F i n a l l y  f  ( a )  = l o g N ( a ) / l o g l  ( a ) ,
w h e r e  f ( a ) = f ( 1 + a  ) = 1 + f  ( a  ) .2 2 2
T h e  L y a p u n o v  e x p o n e n t s  f o r  E q .  ( 4 . 1 7 )  a r e
A (n) = n  l n ( T )
1 ( 4 . 2 1 )
A (n) = m l n ( R  ) + ( n - m )  l n ( R  )2 1 2
f r o m  E q .  ( 4  2 0 )  a i s  t h e r e f o r e
n I n  (T) '  , . _ _.
a  ~ m lniR^^ ) + ( n - m)  In fR ^ )  *
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f ( a ) = 1 +
with f(a) given by
l n ( N  )
nm
m I n (Ri ) + ( n -m ) InTR~) ( 4 . 2 3 )
w h e r e  N i s  t h e  n u m b e r  o f  o r b i t s  o f  p e r i o d  n  w i t h  m O ' s .
m u
F o r  T < 2 ,  N m a y  b e  z e r o ,  w h e r e a s  f o r  T = 2  N i s  s i m p l y
nm nm
(m) . T h e  c o n v e r g e n c e  o f  t h e  f ( a )  s p e c t r u m  ( E q .  ( 4 . 2 2 )  a n d  
E q .  ( 4 . 2 3 ) )  c a n  b e  i l l u s t r a t e d  f o r  T = 2 ,  a n d  n = 1 5 ,  w i t h  m=0  
t o  n ,  a s  s h o w n  i n  F i g .  4 . 5 .  I t  c o n s i s t s  o f  1 6  p o i n t s  
r e p r e s e n t e d  b y  d i a m o n d s .  T h e  c o n v e r g e d  s p e c t r u m  i s  s h o w n  b y  
t h e  c o n t i n u o u s  l i n e .  C o n v e r g e n c e  i s  o b t a i n e d  i n  t h e  l i m i t  n  




F I G .  4 . 5 .  T h e  c o n t i n u o u s  l i n e  i s  t h e  f ( a )  f u n c t i o n  f o r  
t h e  b a k e r  m ap  E q .  ( 4 . 1 7 )  f o r  T = 2 . 0 .  T h e  d i a m o n d s  c o r r e s p o n d  
t o  t h e  f ( a )  f u n c t i o n  o b t a i n e d  f r o m  a l l  u n s t a b l e  o r b i t s  o f  
p e r i o d  1 5 ,  t h e  s p e c t r u m  h a s  c l e a r l y  n o t  c o n v e r g e d .
T h e  s e c o n d  m e t h o d  c o n v e r g e s  f o r  s m a l l  v a l u e s  o f  n  
( J e n k i n s  e t  a l . ,  1 9 9 2 ) .  I n s e r t i n g  t h e  e i g e n v a l u e s  o f  E q .





F I G .  4 . 6 .  f ( a )  s p e c t r u m  o f  t h e  b a k e r  m ap  f o r  t h e  
p a r a m e t e r s  T = 1 . 4 8 ,  1 . 8  a n d  2 . 0  a n d  w e r e  o b t a i n e d  f r o m  
u n s t a b l e  o r b i t s  o f  p e r i o d  2 7 ,  1 8  a n d  15  r e s p e c t i v e l y .
r ( q ,  T ) = T  nq I  N ( R™ R (n- m)) - T ( q> ( 4 . 2 4 )
n  m 1 2
m = 0
w h e r e  t h e  s um  i n c l u d e s  o n l y  t h e  a l l o w e d  o r b i t s .  T h e  n u m b e r  
o f  a l l o w e d  o r b i t s  o f  p e r i o d  n  w i t h  m 0 ' s  a r e  s p e c i f i e d  b y  
N . T h e  s um  o v e r  a l l  v a l u e s  o f  N g i v e s  t h e  t o t a l  n u m b e r
nm nm
o f  o r b i t s  N . F o r  T < 2  t h e  t o t a l  n u m b e r  o f  o r b i t s ,  N , i s
n nm
d e t e r m i n e d  u s i n g  t h e  p r o c e d u r e  i n  S e c .  2 . 6 . 2 .  F o r  T = 1 . 4 8  
a n d  n = 2 7  t h e  f o l l o w i n g  c o e f f i c i e n t s  w e r e  o b t a i n e d
N = 3 0 6 ,  N = 1 9 0 6 2 ,  N = 1 9 0 6 2 ,  N = 3 0 6 .  F o r
2 7 , 1 2  '  2 7 , 1 3  '  2 7 , 1 4  '  2 7 , 1 5
0 ^ m < 1 2  a n d  1 5 < m ^ 2 7  t h e  c o e f f i c i e n t s  a r e  z e r o .  T h e  s y m m e t r y  
o f  t h i s  m a p  i s  r e f l e c t e d  i n  t h e s e  c o e f f i c i e n t s .  A f t e r  
c a l c u l a t i n g  N f o r  a  c h o s e n  n ,  r ( q )  i s  c a l c u l a t e d  f r o m  E q .
nm
( 4 . 2 4 )  a n d  t h e n  t h e  f ( a )  s p e c t r u m  i s  o b t a i n e d  v i a  t h e  
L e g e n d r e  t r a n s f o r m  E q .  ( 2 . 2 2 ) .  T h e  c a l c u l a t e d  f ( a )  s p e c t r u m  
i s  s h o w n  i n  F i g .  4 . 6 .  T h e  c a l c u l a t i o n s  c o n v e r g e  w e l l ,  i n  
f a c t  s i m i l a r  r e s u l t s  w e r e  o b t a i n e d  f o r  o r b i t s  o f  p e r i o d  
l e s s  t h a n  2 7 .  F o r  T = 1 . 8  o r b i t s  o f  p e r i o d  18  g i v e  t h e
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f o l l o w i n g  c o e f f i c i e n t s  N = 5 4 ,  N = 1 9 8 0 ,  N = 9 7 2 0 ,
1 8 , 6  1 8 , 7  1 8 , 8
N =1 5 8 0 6 ,  N = 9 7 2 0 ,  N = 1 9 8 0 ,  N = 5 4 .  F o r  0 ^m <6
1 8 , 9  1 8 , 1 0  1 8 , 1 1  1 8 , 1 2
a n d  1 2 < m ^ 1 8  t h e  c o e f f i c i e n t s  a r e  z e r o  T h e  r e s u l t i n g  f ( a )  
s p e c t r u m  i s  a l s o  s h o w n  i n  F i g .  4 6
F o r  T i l  4 a l l  a l l o w e d  o r b i t s  c o n t r i b u t e  t h e  s a m e  a  
v a l u e  t o  t h e  s p e c t r u m  w h i c h  r e s u l t s  m  a  p o i n t  s p e c t r u m .
F o r  T = 1 . 4 8  a n d  1 8 ,  b e c a u s e  o f  t h e  n a t u r e  o f  t h e  p r u n i n g ,  
a  a n d  a  c o r r e s p o n d  t o  v a l u e s  o f  f  w i t h  d i m e n s i o nmax min
g r e a t e r  t h a n  o n e  T h e  v a l u e  T = 2  c o r r e s p o n d s  t o  t h e  f ( a )  
s p e c t r u m  o f  t h e  t w o  s c a l e  C a n t o r  s e t .  F r o m  E q .  ( 4 . 2 4 ) ,  t h e  
H a u s d o r f f  d i m e n s i o n  Dq d e p e n d s  i n d i r e c t l y  o n  T  t h r o u g h  t h e  
c o e f f i c i e n t s  N , i n c r e a s i n g  t o  i t s  m a x im u m  v a l u e  o f  2 a tnm
T = 2 .  T h e  e n t r o p y  s p e c t r u m  i s  K ^ = l n T  f o r  a l l  q .
4 4 HYPERBOLIC T0RAL MAP
I n  t h i s  s e c t i o n  a  c o m p l e t e l y  d i f f e r e n t  c l a s s  o f  
d y n a m i c a l  s y s t e m  i s  i n t r o d u c e d ,  t h e  h y p e r b o l i c  t o r a l  m a p s .  
O ne  d i f f e r e n c e  b e t w e e n  t h e s e  m a p s  a n d  t h o s e  t h a t  a r e  
d i s c u s s e d  e l s e w h e r e  i n  t h i s  t h e s i s ,  i s  t h a t  t h e s e  m a p s  a r e  
d e f i n e d  o n  a  t o r u s  r a t h e r  t h a n  o n  E u c l i d e a n  s p a c e .  E v e n  
t h o u g h  t h e  m a p s  a r e  i n d u c e d  b y  l i n e a r  m a p s  o n  E u c l i d e a n  
s p a c e  t h e  m a p s  o n  t h e  t o r u s  h a v e  e x t r e m e l y  r i c h  d y n a m i c a l  
s t r u c t u r e .
C o n s i d e r  t h e  h y p e r b o l i c  t o r a l  m a p  L a : T — >T w h e r e
w i t h  a , b , c  a n d  d  e 1R. L a i s  c l e a r l y  d i f f e r e n t i a b l e  s i n c e  
i t s  J a c o b i a n  m a t r i x  i s  s i m p l y  t h e  m a t r i x  A ,  w i t h  d e t ( A ) =  
a d - b c  F o r  n o n - i n t e g e r  c o e f f i c i e n t s  L  i s  n o t  aA
d i f f e o m o r p h i s m  o f  T  s i n c e  t h e  i n v e r s e  i s  n o t  u n i q u e .  T h e  
e i g e n v a l u e s  a r e  g i v e n  b y
c + = ~  [ ( a + d )  ± v /  ( a + d ) 2+ 4 b c - 4 a d  ] ( 4 . 2 6 )
a n d  t h e  s l o p e  o f  t h e  e i g e n v e c t o r s  i s
O n l y  r e a l  e i g e n v e c t o r s  w i l l  b e  c o n s i d e r e d .  W hen  b o t h  o f  t h e
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e i g e n v a l u e s  s a t i s f y  | e |  <1 t h e r e  i s  p e r i o d i c  s o l u t i o n s .  T h e  
t r a n s i t i o n  f r o m  p e r i o d i c  t o  c h a o t i c  b e h a v i o u r  c o r r e s p o n d s  
t o  o n e  o f  t h e  e i g e n v a l u e s  c r o s s i n g  t h e  u n i t  c i r c l e .  A  
p e r i o d i c  o r b i t  o f  p e r i o d  n  h a s  e i g e n v a l u e  e n .
T h e  t r a n s f o r m a t i o n  w i t h  i n t e g e r  e n t r i e s ,  a n d  
d e t e r m i n a n t  1 h a s  b e e n  t h e  s u b j e c t  o f  m a n y  s t u d i e s
( V a v a l d i ,  1 9 8 7 ,  I s o l a ,  1 9 9 0  a n d  K e a t i n g ,  1 9 9 1 ) .  A t y p i c a l  
e x a m p l e  i s  t h e  A r n o l d  c a t  m a p ,  w h o s e  m a t r i x  A  i s
A = [ ^ ] J ( 4 . 2 8 )
T h i s  m ap  i s  a n  a r e a  p r e s e r v i n g  d i f  f e o m o r p h i s m  w i t h
2e i g e n v a l u e s  e += a -  , w h e r e  a = ( 1 + \ / 5 ) / 2  i s  t h e  g o l d e n  n u m b e r .  
P e r i o d i c  p o i n t s  a r e  d e n s e  m  T .  L e t  P b e  a n y  p o i n t  m  T  
w i t h  r a t i o n a l  c o o r d i n a t e s .  P i s  o f  t h e  f o r m  [ / 3 / k , y / k ] ,  
w h e r e  /3, ?r a n d  k  a r e  i n t e g e r s .  S u c h  p o i n t s  a r e  d e n s e  m  T ,  
f o r  w e  m a y  t a k e  k  a r b i t r a r i l y  l a r g e .  P i s  p e r i o d i c  w i t h  
p e r i o d  l e s s  t h a n  o r  e q u a l  t o  k 2 . F o r  i n t e g e r  c o e f f i c i e n t s  
t h e  o r b i t s  a r e  p o s i t i o n e d  o n  a  l a t t i c e .  O t h e r  s t u d i e s
( A m a d a s i  a n d  C a s a r t e l l i ,  1 9 9 1  a n d  B r a m b i l l a  a n d  C a s a r t e l l i ,
1 9 8 5 )  o f  E q  ( 4 . 2 5 )  w i t h  n o n - i n t e g e r  c o e f f i c i e n t s  a n d  
d e t e r m i n a n t  1 h a v e  c o n c e n t r a t e d  o n  t h e  e l l i p t i c  o r b i t s  a n d  
t h e  c o n s e r v a t i v e  c h a o s .
T h i s  h y p e r b o l i c  t o r a l  s y s t e m  p r o v i d e s  a n  i d e a l  t e s t i n g  
g r o u n d  f o r  s o m e  o f  t h e  t h e o r i e s  o f  c h a o s  b e c a u s e  o f  i t s
s i m p l i c i t y  T o  o u r  k n o w l e d g e  t h i s  i s  t h e  f i r s t  s t u d y  o f  
c h a o t i c  b e h a v i o u r  i n  t h i s  s y s t e m  f o r  n o n - i n t e g e r  
c o e f f i c i e n t s  a n d  d e t e r m i n a n t  l e s s  t h a n  o n e .  T h e  a n a l y s i s  o f  
E q  ( 4 . 2 5 )  w i l l  p r o c e e d  a l o n g  t h e  f o l l o w i n g  l i n e s :  s t u d i e s  
o f  t h e  u n s t a b l e  m a n i f o l d  w i l l  i l l u s t r a t e  t h e  m e c h a n i s m  f o r  
c h a o s  m  t h i s  s y s t e m ,  t h e  d e v e l o p m e n t  o f  s t r a n g e  a t t r a c t o r s  
a n d  t h e i r  d i m e n s i o n  s p e c t r a  a n d  f i n a l l y  t h e  t y p e  o f
s t r u c t u r e s  i n  a  t h r e e  d i m e n s i o n a l  t o r a l  m a p  a r e  a n a l y z e d .
4 .4 .1  M an ifo ld s
O ne  o f  t h e  e i g e n v a l u e s  c s a t i s f i e s  | e  | < 1  a n d  t h e
S  1 S  1
o t h e r  s a t i s f i e s  | | > 1 T h e  s t a b l e  a n d  u n s t a b l e  s u b s p a c e  
Ws a n d  Wu a r e  l i n e s  p a r a l l e l  t o  t h e  e i g e n v e c t o r s  
c o r r e s p o n d i n g  t o  t h e  e i g e n v a l u e s  c  a n d  c . T h e  s t a b l e  a n dU
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u n s t a b l e  s u b s p a c e  Ws a n d  Wu a r e  d e n s e  i n  T  f o r  e a c h  [ x , y ]  e 
T .  I n  t h e  p r e v i o u s  s t u d i e s  o f  E q  ( 4 . 2 5 )  w i t h  i n t e g e r  
c o e f f i c i e n t s  a n d  w i t h  d e t e r m i n a n t  o n e ,  i t  h a s  b e e n  
s u g g e s t e d  t h a t  t h e  r e a s o n  Ws a n d  Wu a r e  d e n s e  i s  b e c a u s e  
t h e y  h a v e  i r r a t i o n a l  s l o p e  a n d  h e n c e ,  t h e s e  c u r v e s  w i n d  
d e n s e l y  a r o u n d  t h e  t o r u s  ( D e v a n y ,  1 9 8 6  a n d  G u c k e n h e i m e r , 
a n d  H o l m e s  1 9 8 3 )  .
I n  t h e  d i s s i p a t i v e  c a s e  w h e r e  t h e  d e t e r m i n a n t  i s  < 1 ,  
t h e r e  a r e  s t r a n g e  a t t r a c t o r s  ( | e  | > 1 )  a n d  t h e  m a n i f o l d s  
h a v e  r a t i o n a l  s l o p e  ( J e n k i n s  a n d  H e f f e r n a n ,  1 9 9 2 ) .  F o r  
e x a m p l e  t h e  f o l l o w i n g  p a r a m e t e r s  a=1  , b = 7 / 5 ,  c = 2 / 5  a n d  d = 0  
t h e  u n s t a b l e  s u b s p a c e  h a s  s l o p e  2 / 7 .  T h e r e f o r e ,  Ws a n d  Wu 
d o s e  n o t  w i n d  d e n s e l y  a r o u n d  t h e  t o r u s ,  c h a o t i c  b e h a v i o u r  
i s  s t i l l  p r e s e n t  s i n c e  | | > 1 . T h e  s u b s p a c e  a r e  d e n s e  m
t h i s  c a s e  b e c a u s e  t h e  s t a b l e  a n d  u n s t a b l e  m a n i f o l d s  e m a n a t e  
f r o m  t h e  i n f i n i t e  n u m b e r  o f  p e r i o d i c  o r b i t s .  E a c h  o r b i t  o f  
p e r i o d  n  h a s  i t s  o w n  s u b s p a c e  Ws a n d  Wu , w h i c h  m a y  b e  
d e g e n e r a t e  w i t h  o t h e r  o r b i t s  o f  d i f f e r e n t  p e r i o d .  S i n c e  t h e  
n u m b e r  o f  o r b i t s  i s  i n f i n i t e  t h e  s u b s p a c e  i s  d e n s e .  T h e  
m a n i f o l d  f o r  t h i s  s y s t e m  i s  n o t  c o n t i n u o u s  b u t  c o n s i s t s  o f  
a n  i n f i n i t e  n u m b e r  o f  l i n e  s e g m e n t s .  T h e  p a r a m e t e r s  a = 4 / 3 ,  
b = 2 ,  c = 1 / 3  a n d  d=1  a l s o  g i v e  a  s t r a n g e  a t t r a c t o r  w i t h
s u b s p a c e  o f  r a t i o n a l  s l o p e  T h e  e i g e n v a l u e s  a r e  e = 1 / 3  a n d  
e += 2 .  T h e  s t a b l e  s u b s p a c e  h a s  s l o p e  - 1 / 2  a n d  t h e  u n s t a b l e  
s u b s p a c e  h a s  s l o p e  1 / 3 .
F o r  t h o s e  a t t r a c t o r s  w h e r e  t h e  e i g e n v e c t o r  i s  o f  
r a t i o n a l  s l o p e ,  t h e r e  i s  o n l y  a  f i n i t e  n u m b e r  o f  
i n t e r s e c t i o n s  o f  t h e  s t a b l e  a n d  t h e  u n s t a b l e  m a n i f o l d s  o f  
d i s t i n c t  f i x e d  p o i n t s  ( h e t e r o c l i n i c  i n t e r s e c t i o n s )  o r  o f  
t h e  s a m e  f i x e d  p o i n t  ( h o m o c l i n i c  i n t e r s e c t i o n s ) .  A s  a  
s y s t e m  p a r a m e t e r  e v o l v e s  t h e  c o n s e q u e n c e s  o f  a  f i n i t e  o r  a  
i n f i n i t e  n u m b e r  o f  h o m o c l i n i c  o r  h e t e r o c l i n i c  i n t e r s e c t i o n s  
i s  n o t  a p p a r e n t  f r o m  t h e  s t r u c t u r e  o r  f r o m  t h e  d i m e n s i o n .  
B a d u  ( 1 9 8 9 )  h a s  i n d i c a t e d  t h a t  t h e y  a r e  t h e  m a m  s o u r c e  o f  
c o m p l e x  b e h a v i o u r  i n  d y n a m i c a l  s y s t e m s ,  t h e  a b o v e  r e s u l t s  
d o  n o t  s u b s t a n t i a t e  t h i s .
T h i s  s a m e  r e s u l t  c o n c e r n i n g  t h e  n a t u r e  o f  t h e  u n s t a b l e
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m a n i f o l d  c o u l d  h a v e  b e e n  d e t e r m i n e d  f r o m  t h e  t w o  
d i m e n s i o n a l  b a k e r  m ap  L i k e  t h e  t b a k e r  m ap  t h e  t o r a l  m ap  i s  
a n  a n o t h e r  s y s t e m  w h e r e  t h e  e v o l u t i o n  o f  s t r a n g e  a t t r a c t o r s  
c a n  b e  i n v e s t i g a t e d  w i t h o u t  t h e  u s u a l  p r o b l e m s  o f  
c o e x i s t i n g  a t t r a c t o r s  a n d  p e r i o d i c  w i n d o w s  w i t h i n  t h e  
c h a o t i c  r e g i m e
4 .4  2 De v e lo p m en t  of Strang e  A ttr a c to r s
T h e  p a r a m e t e r s  o f  t h e  t o r a l  m a p  a r e  a r b i t r a r y  c h o s e n  
t o  b e  A = 1 . 0 ,  B = 7 / 5 ,  D =0  0 w i t h  C i n  t h e  r a n g e  [ 0 , 1 / B ] .  B y  
v a r y i n g  C m  t h i s  r a n g e  t h e  L y a p u n o v  d i m e n s i o n  o f  t h e  
a t t r a c t o r  c h a n g e s  f r o m  o n e  t o  t w o .  S h o w n  i n  F i g .  4 . 7
( a ) - ( d )  i s  t h e  a t t r a c t o r  f o r  C = l / 5 ,  2 / 5 ,  1 / 2 ,  1 / B = 5 / 7
r e s p e c t i v e l y .  T h e  L y a p u n o v  d i m e n s i o n s  o f  t h e s e  a t t r a c t o r s  
a r e  1 . 1  4 ,  1 3 7 ,  1 . 5 2  a n d  2 . 0 .  N e g a t i v e  i n i t i a l  c o n d i t i o n s
g i v e  r i s e  t o  a  m i r r o r  i m a g e  a t t r a c t o r  m  t h e  t h i r d  
q u a d r a n t .  Some  o r b i t s  o f  l o w  p e r i o d i c i t y  a r e  s h o w n  i n  T a b l e  
4 . 3 .  N o t e  t h a t  o r b i t s  a p p e a r  a n d  d i s a p p e a r  a s  t h e  p a r a m e t e r  
C i s  i n c r e a s e d  E x c e p t  f o r  t h e  f i x e d  p o i n t  z e r o  t h e  
a t t r a c t o r  i s  t h e  c l o s u r e  o f  t h e s e  o r b i t s .  T h e  t o t a l  n u m b e r  
o f  o r b i t s  o f  p e r i o d  n  f o r  t h e  v a l u e s  C u n d e r  s t u d y  i s  l e s s  
t h a n  2 n . T h e  d i m e n s i o n  o f  e a c h  o r b i t  b e i n g  e q u i v a l e n t  t o  
t h e  L y a p u n o v  d i m e n s i o n  o f  t h e  a t t r a c t o r .  T h e  t o r a l  m a p  h a s  
n o  h o m o c l m i c  t a n g e n c i e s  s o  t h e r e  i s  n o  o b v i o u s  m e t h o d  f o r  
c o n s t r u c t i n g  a  p a r t i t i o n  t h a t  a l l o w s  i d e n t i f i c a t i o n  o f  t h e  
a l l o w e d  a n d  d i s a l l o w e d  o r b i t s .
T a b l e  4 . 3 .
T h e  n u m b e r  o f  o r b i t s  o f  p e r i o d  n  f o r  t h r e e  d i f f e r e n t  v a l u e s  
o f  t h e  p a r a m e t e r  C
c \ ^ 3 4 5 8 9 10
0 2 - - - 1 1
0 . 3 - 1 1 1 2 1









'  v' •* '
r. '  y• - . '  -  . ' - V 1 ' <r  •• • ' ' 1,  i > , ' r■ • \  •>
.  - - • • » [' ^ ' / »
■ • ■ f
0.0 0.0
: i / .  1 V .-- .v > '






FIG. 4 . 7 .  C h a o t i c  a t t r a c t o r s  f o r  t h e  t o r a l  m a p  ( a )  C = 1 / 5 ,
( b )  C = 2 / 5 ,  ( c )  C = l / 2 ,  ( d )  C = 1 / B = 5 / 7 .
F o r  a  h y p e r b o l i c  a t t r a c t o r ,  w h e n  t h e  m e a s u r e  i s  u n i f o r m  i n
t h e  e x p a n d i n g  d i r e c t i o n  E q .  ( 4 . 1 8 )
\ ln)ot + A (n)<x = 0 ( 4 . 2 9 )1 1 2  2
i s  s u f f i c i e n t  f o r  t h e  c a l c u l a t i o n  o f  t h e  f ( a )  s p e c t r u m .  F o r  
t h e  t o r a l  m a p  i t  i s  i n c o r r e c t  t o  t a k e  0^=1  b e c a u s e  t h e  
m e a s u r e  d o e s  e x h i b i t  c o m p l i c a t e d  s i n g u l a r i t i e s  m  t h e  
e x p a n d i n g  d i r e c t i o n  a s  i l l u s t r a t e d  i n  F i g .  4 . 8  f o r  C = 2 / 5 .
T h u s  a  s e c o n d  e q u a t i o n  r e l a t i n g  a n d  a i s  n e e d e d .  T h i s
r e l a t i o n s h i p  h a s  b e e n  o b t a i n e d  b y  G u n a r a t n e  a n d  P r o c a c c i a
( 1 9 8 7 )  a n d  t h e  v a l i d i t y  o f  i t  w i l l  b e  c h e c k e d  b y  a p p l y i n g  
i t  t o  t h e  t o r a l  m a p .  T h i s  s e c o n d  e q u a t i o n  i s  g i v e n  a s
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F i g .  4 . 8 .  P r o b a b i l i t y  d e n s i t y  f o r  C = 2 / 5 .  N o t e  t h e  n o n  
- u n i f o r m i t y  o f  t h e  a t t r a c t o r  a l o n g  t h e  u n s t a b l e  m a n i f o l d .
» (n) » (n) » (2n) / ji t n \- A  a + A a = - A  ( 4 . 3 0 )1 1 2 2 1
F o r  t h e  t o r a l  map
A <2n) = 2 A (n) ( 4 . 3 1 )1 1
b u t  i n  g e n e r a l  t h i s  r e l a t i o n s h i p  i s  n o t  t r u e  a s  i s  t h e  c a s e
f o r  t h e  H e n o n  m a p .  I n s e r t i n g  E q .  ( 4 . 3 1 )  i n t o  E q .  ( 4 . 3 0 )  we
a g a i n  f i n d  t h a t  0 ^ = 1 .  H e n c e  t h i s  n e w  r e l a t i o n s h i p  d o e s  n o t
t a k e  i n t o  a c c o u n t  t h e  s i n g u l a r i t i e s  a l o n g  t h e  u n s t a b l e
m a n i f o l d .  E q . ( 4 . 2 9 ) - ( 4 . 3 1 )  i n d i c a t e  t h a t  t h e  D s p e c t r u mq
i s  c o n s t a n t  w i t h  a  p o i n t  f ( a )  s p e c t r u m .  F o r  t h e  o n e
d i m e n s i o n a l  v e r s i o n  o f  t h i s  t o r a l  m a p  ( E q .  ( 3 . 1 ) )  i t  h a s
a l r e a d y  b e e n  s h o w n  t h a t  n o n - u n i f o r m i t i e s  a l o n g  t h e  u n s t a b l e
m a n i f o l d  l e a d  t o  a  n o n c o n s t a n t  D s p e c t r u m .q
A c o m p u t a t i o n  o f  t h e  s p e c t r u m  o f  d i m e n s i o n s  D h a sq
b e e n  u n d e r t a k e n  f o r  t h i s  m a p .  T h e  r e s u l t s  a r e  p r e s e n t e d  
i n  F i g .  4 . 9  f o r  t h e  p a r a m e t e r  C = 2 / 5 .  T h e  t i m e  s e r i e s
c o n s i s t e d  o f  N = 4 * 1 0 5 d a t a  p o i n t s  u s i n g  a n  e m b e d d i n g
d i m e n s i o n  o f  d = 1 0 .  T h e  a t t r a c t o r  i n  F i g .  4 . 7  ( b )  w a s
r o t a t e d  t h r o u g h  t h e  a n g l e  a = - 0 . 3 3 9 0 6  r a d s ,  s o  t h a t  t h e
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u n s t a b l e  m a n i f o l d  i s  p a r a l l e l  t o  t h e  X a x i s .  X' and Y'
c o r r e s p o n d  t o  t h e  r o t a t e d  t i m e  s e r i e s .  T h e  s p r e a d  i n  t h e
d i m e n s i o n s  f o r  p o s i t i v e  q ,  w h e r e  q  € ( 0 , 2 0 ) ,  i s  q u i t e
s m a l l ,  i . e .  D e ( 1 . 3 0 1 - 1 . 3 2 5 )  f o r  X ,  D e ( 1 . 3 1 8 - 1 . 3 3 6 )  q q
f o r  X '  a n d  D e ( 0 . 3 7 5 - 0 . 3 8 0 )  f o r  Y ' , w i t h  e r r o r s  o f  q
± 0 . 0 1 5 ,  0 . 0 1 5  a n d  0 . 0 0 8  r e s p e c t i v e l y .  T h e s e  d i m e n s i o n s
s h o u l d  b e  c o m p a r e d  t o  t h e  L y a p u n o v  d i m e n s i o n  D = 1 . 3 6 7 .  T h e  
d i m e n s i o n s  c a l c u l a t e d  f o r m  t h e  t i m e  s e r i e s  Y '  a r e  r e d u c e d  
b y  o n e  a p p r o x i m a t e l y ,  w h i c h  w o u l d  i n d i c a t e  t h a t  t h e  
a s s o c i a t e d  C a n t o r  s e t  h a s  b e e n  d e c o u p l e d  f r o m  t h e  u n s t a b l e  
m a n i f o l d .  T h e  r o t a t e d  X '  t i m e  s e r i e s  g i v e s  s i m i l a r  
d i m e n s i o n  r e s u l t s  t o  t h a t  o f  t h e  n o n r o t a t e d  t i m e  s e r i e s  X .  
A s u r p r i s i n g  r e s u l t  t h a t  d o e s  n o t  s a t i s f y  E q .  ( 4 . 1 4 )  f o r  
t h e  p a r t i a l  d i m e n s i o n s .  T h e  e x p e c t e d  d i m e n s i o n s  f o r m  X '  
t i m e  s e r i e s  i s  D » 1 . 0 .
- 2 0  0 20
q
F I G .  4 . 9 .  T h e  D s p e c t r u m  f o r  C = 2 / 5  w i t h  N = 4 * 1 0 5 d a t aq
p o i n t s .  T h e  r e s u l t s  f o r  t h r e e  d i f f e r e n t  t i m e  s e r i e s  a r e  
s h o w n .  X '  a n d  Y '  c o r r e s p o n d  t o  r o t a t e d  t i m e  s e r i e s .
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F r o m  E q  ( 2  2 1 )  t h e  f ( a )  s p e c t r u m  s a t i s f i e s  t h e
c o n d i t i o n s  d f / d a  = q  a n d  d 2f / d 2a < 0 .  T h e s e  t w o  c o n d i t i o n s
m a k e  D , >D f o r  q ' < q ,  i t  i s  o b v i o u s  f r o m  F i g .  4 . 9  t h a t  t h i s  q q
i s  n o t  t r u e  f o r  t h e  n e g a t i v e  r e g i o n s  o f  t h e  s p e c t r a
c o m p u t e d  f r o m  X '  a n d  X t i m e  s e r i e s .  H e n c e  t h e  d i m e n s i o n s
f o r  n e g a t i v e  q  a r e  i n a c c u r a t e ,  b u t  i n c l u d e d  f o r
c o m p l e t e n e s s .  T h e  e s s e n t i a l  r e s u l t  i s  t h a t  t h e  f l u c t u a t i o n s
a l o n g  t h e  u n s t a b l e  m a n i f o l d  h a v e  o n l y  a  m i n o r  e f f e c t  o n  t h e
d i m e n s i o n s  D w i t h  D a p p r o x i m a t e l y  c o n s t a n t  f o r  p o s i t i v e  q  q q
i n d i c a t i n g  a  p o i n t  f ( a )  s p e c t r u m .  S i m i l a r  c a l c u l a t i o n s  h a v e
b e e n  c a r r i e d  o u t  f o r  C = 1 / 5  a n d  1 / 2 ,  w i t h  D i n  c l o s eq
a g r e e m e n t  w i t h  Dl -
4 .4 .3  Str ucture  of A ttr a c t o r  in T hree D im en s io n al  T o r a l  M a p
T h e  p u r p o s e  o f  t h i s  s e c t i o n  i s  t o  e x a m i n e  t h e  p o s s i b l e
s t r u c t u r e s  t h a t  c a n  e x i s t  i n  IR3 f o r  d i s c r e t e  s y s t e m s .  A n e w
t y p e s  o f  s t r u c t u r e  n o t  p r e v i o u s l y  o b s e r v e d  i n  d y n a m i c a l  
s y s t e m s  i s  a n a l y z e d .  C o n s i d e r  t h e  h y p e r b o l i c  t o r a l  m a p .
L  : T — >TB
B =
a  b  c
d  e  f
g  h  l
( 4 . 3 2 )
w e r e  t h e  p a r a m e t e r s  o f  t h i s  m a t r i x  a r e  e IR. B e i n g  a b l e  t o  
l o c a t e  t h e  u n s t a b l e  m a n i f o l d  i s  a n  i m p o r t a n t  p r o p e r t y  t h a t  
w i l l  b e  m a d e  u s e  o f f  i n  t h i s  s e c t i o n .  T h e  e i g e n v a l u e s  c  ^ o f  
t h e  m a t r i x  B w i l l  b e  c h o s e n  t o g e t h e r  w i t h  s i x  o f  t h e  
p a r a m e t e r s .  T h e  o t h e r  t h r e e  w i l l  b e  o b t a i n e d  b y  s o l v i n g
t h r e e  s i m u l t a n e o u s  e q u a t i o n s  T h e  L y a p u n o v  e x p o n e n t s  a r e  
d e f i n e d  b y  A. = l n | e  I a n d  a r e  o r d e r e d  a s  f o l l o w s  A > 0 > Ai 1 i 1 1 2
a A3> T h e  s i x  p a r a m e t e r s  p r e - s e l e c t e d  a r e  b=1  c = 1 / 4 ,  e = 0 ,
f =1 /  5 ,  g = 0 ,  h=1  a n d  s h o w n  i n  T a b l e  4 . 4  a r e  t h e  c h o s e n
e i g e n v a l u e s  a n d  t h e  r e s u l t i n g  p a r a m e t e r s  a ,  d  a n d  i
o b t a i n e d  f r o m  t h e  s o l u t i o n  o f  a  s e t  o f  s i m u l t a n e o u s  
e q u a t i o n s .
T h e  e i g e n v e c t o r  c o r r e s p o n d i n g  t o  t h e  e i g e n v a l u e  e = 1 . 4  
i s  r o t a t e d  w i t h  t h e  f o l l o w i n g  m a t r i x .
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' X '  ’ C o s  O ) C o s  ( a ) - C o s  ( | 3 ) S i n  ( a )  - S i n ( £ ) ' 1 ' X '
Y ' = S i n ( a ) C o s ( a )  0 Y ( 4 . 3 3 )
Z 'v y S i n  ( /3 ) C o s  ( a ) S i n ( / 3 ) S m ( a )  C o s ( p ) j . z  ,
T h i s  r o t a t i o n  a l i g n s  t h e  u n s t a b l e  d i r e c t i o n  p a r a l l e l  t o  t h e  
X a x i s .  T h e  r o t a t i o n  a n g l e s  a a n d  /3 a r e  g i v e n  i n  T a b l e  4 . 4 .  
C o o r d i n a t e s  X ' , Y ' a n d  Z '  d e s c r i b e  t h e  r o t a t e d  f r a m e .
Table 4.4
T h e  p a r a m e t e r  v a l u e s  a ,  d  a n d  1  f o r  t h e  c h o s e n  e i g e n v a l u e s  
e i , c 2 a n d  c 3 o b t a i n e d  f r o m  s o l v i n g  a  s e t  o f  s i m u l t a n e o u s  
e q u a t i o n s ,  w i t h  e ^ 1  4 W hen  t h e  a t t r a c t o r  i s  r o t a t e d  a  a n d  
£  a r e  t h e  a n g l e s  u s e d  i n  E q .  ( 4 . 3 3 ) ,  t h e y  a r e  g i v e n  i n  
r a d i a n s .
c 2 e 3 a d l a. 0
0 . 5 - 0 . 5 1 . 5 1 6 8 0 - 0 . 1 2 7 1 6  - 0 . 1 1 6 7 9 0 . 0 9 9 9 3 0 . 0 6 5 6 8
0 . 7 - 0 . 7 1 . 8 2 1 9 1 - 0  4 7 8 6 7  —0 4 2 1 9 0 0 . 3 5 5 2 6 0 . 1 8 8 6 4
0 8 COoI 1 . 9 5 0 0 0 —0 . 6 3 2 5 0  - 0 . 5 5 0 0 0 0 . 4 5 3 6 0 0 . 2 2 1 0 5
0 . 5 0 . 5 0 9 7 1 8 5 - 0 . 4 6 2 0 5 1 4 2 8 1 5 0 . 0 5 4 2 8 - 1 . 0 9 2 1 3
0 . 7 - 0 . 1 0 . 7 2 4 7 1 - 0 . 0 4 5 7 8 1 . 2 7 5 2 3 - 0 . 2 2 1 0 8 - 1  . 0 5 3 6 9
1 . 2 0 . 4 1 . 3 7 1 5 5 - 0 . 6 8 6 5 0 1 6 2 8 4 5 0 . 3 9 0 6 8 - 0 . 7 2 6 6 4
T h e  t y p e s  o f  s t r u c t u r e s  t h a t  w i l l  b e  o b s e r v e d  d e p e n d s  
o n  t h e  s i g n  a n d  m a g n i t u d e  o f  t h e  e i g e n v a l u e s  a n d  h e n c e ,  t h e  
a n g l e s  b e t w e e n  t h e  t h r e e  e i g e n v e c t o r s .  T h e  f i r s t  c a s e  
c o n s i d e r e d  i s  e = - e  w i t h  L y a p u n o v  d i m e n s i o n  D = 1 - A  / A.
2 3 L 1 2
a n d  b y  v a r y i n g  t h e  m a g n i t u d e  o f  X2 i n  t h e  r a n g e  ( - » ,  - \ J 2 )  
t h i s  d i m e n s i o n  c h a n g e s  f r o m  1 - 3 .  F i g u r e  4 . 1 0  i l l u s t r a t e s  
t h e  t y p e  o f  s t r u c t u r e  o b t a i n e d  w h e n  t w o  c o n t r a c t i n g  
d i r e c t i o n s  c o m p e t e  i n  t h e  f o r m a t i o n  o f  a  s t r a n g e  a t t r a c t o r .  
F o r  e i g e n v a l u e s  e 2=0  5 a n d  c 3= - 0 . 5 ,  t h e  r o t a t i o n  a n g l e s  a  
a n d  /3 a r e  g i v e n  i n  T a b l e  4 . 4 ,  w i t h  t h e  a t t r a c t o r  s h o w n  i n  
F i g  4 1 0  ( a ) ,  f o r  a  p r o j e c t i o n  o n t o  t h e  Y ' - Z '  p l a n e .  T h i s  
a t t r a c t o r  h a s  a  t w o  d i m e n s i o n a l  C a n t o r  s e t  s t r u c t u r e  w h e n  
v i e w e d  i n  t h i s  p l a n e  w i t h  d i m e n s i o n  D = 1 . 4 8 5 .  A  r o t a t i o n  












Fig. 4.10. T h r e e  a t t r a c t o r s  f o r  E q .  ( 4 . 3 2 ) .  ( a )  A
p r o j e c t i o n  o n t o  t h e  Y ' - Z ' ,  w i t h  e 2= - e 3= 0 . 5  a n d  ( b )  a  
p r o j e c t i o n  o n t o  t h e  X ' - Z '  p l a n e ,  ( c )  Y ' - Z '  p l a n e ,  w i t h
e 2= - e 3= 0 . 7  a n d  ( d )  a  m a g n i f i c a t i o n  o f  ( c ) .  ( e )  Y ' - Z '  p l a n e ,
w i t h  e = —c  = - 0 . 8 ,  a n d  ( f )  a  m a g n i f i c a t i o n  o f  ( e ) .
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( b ) ,  s u c c e s s i v e  m a g n i f i c a t i o n s  i n d i c a t e  a  o n e  d i m e n s i o n a l  
C a n t o r  s e t .  T h e  c o m p u t a t i o n  o f  t h e  c o r r e l a t i o n  d i m e n s i o n
f r o m  t h e  t h r e e  r o t a t e d  t i m e  s e r i e s  p r o d u c e d  t h e  f o l l o w i n g
r e s u l t s ;  D2= 1 . 4 6 ± 0 . 0 3  f o r  t h e  X '  t i m e  s e r i e s  a n d
D = 0 . 4 7 ± 0 . 0 2  f o r  Y '  a n d  Z '  t i m e  s e r i e s .  T h e  s a m e  r e s u l t s2
w e r e  o b t a i n e d  f o r  t h e  t w o  d i m e n s i o n a l  c a s e  i n  t h e  p r e v i o u s  
s e c t i o n .  S h o w n  i n  F i g .  4 . 1 0  ( c )  i s  t h e  a t t r a c t o r  i n  t h e
Y ' - Z '  p l a n e  f o r  e z= 0 . 7  a n d  c ^ = - 0 . 1 ,  w i t h  a  m a g n i f i c a t i o n  o f  
t h e  i n d i c a t e d  r e g i o n  s h o w n  i n  ( d ) .  T h e  s t r u c t u r e  o f  t h e  
a t t r a c t o r  i s  a  t w o  d i m e n s i o n a l  C a n t o r  s e t  w h e n  v i e w e d  
p e r p e n d i c u l a r  t o  t h e  u n s t a b l e  m a n i f o l d  a n d  a  o n e
d i m e n s i o n a l  C a n t o r  s e t  w h e n  v i e w e d  p a r a l l e l  t o  t h e  u n s t a b l e  
m a n i f o l d  T h e  d i m e n s i o n  o f  t h i s  s t r u c t u r e  i s  
S i m i l a r  p l o t s  a r e  s h o w n  i n  ( e )  a n d  ( f )
D = 1 . 9 4 ,
L
f o r  c  = 0 .  8 a n d2
e = - 0 . 8 .  T h e  d i m e n s i o n  i s  D = 2 . 5 0 8  a n d  t h e r e  i s  a  n o t a b l e3 L
f i l l i n g  o f  p h a s e  s p a c e .
A n  o p t i m u m  s e p a r a t i o n  o f  e i g e n v e c t o r s  i s  o b t a i n e d  w h e n  
c 2= - c 3 . F o r  e a c h  o f  t h e  t h r e e  f i g u r e s  a b o v e  t h e  
e i g e n v e c t o r s  h a v e  s i g n  { + f o r  c f o r  e a n d
{ + , - ,  + } f o r  e . W hen  t h e  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  e3 2
a n d  c 3 a r e  p a r a l l e l ,  t h e n  t h e  t w o  d i m e n s i o n a l  s t r u c t u r e  i s  
n o t  p r e s e n t  a s  i s  i l l u s t r a t e d  i n  F i g .  4 . 1 1  ( a )  f o r  c 2= 0 . 5
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F i g .  4 . 1 1 .  T h e  3D t o r a l  m a p ,  w i t h  e 2= 0 . 5  a n d  c 3= 0 . 5 .  ( a )  
A p r o j e c t i o n  o n t o  t h e  Y ' - Z '  p l a n e ,  ( b )  X ' - Z '  p l a n e .
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d i m e n s i o n a l  s t r u c t u r e ,  w h i l e  t h e  p r o j e c t i o n  o n t o  t h e  X ' - Z '  
p l a n e  m  ( b )  h a s  p r o p e r t i e s  o f  a  o n e  d i m e n s i o n a l  C a n t o r  
s e t .  F o r  e z= 0 . 7  a n d  e 3= - 0 . 1 ,  „ t h e  p r o j e c t i o n  o f  t h e  
a t t r a c t o r  o n t o  t h e  Y ' - Z '  p l a n e  i s  s h o w n  i n  F i g .  4 12  ( a ) .  
T h i s  a t t r a c t o r  a p p e a r s  t o  b e  o n e  d i m e n s i o n a l ,  s u c c e s s i v e  
m a g n i f i c a t i o n s  d o  n o t  r e v e a l  a  t w o  d i m e n s i o n a l  s t r u c t u r e .  
T h e  L y a p u n o v  d i m e n s i o n  i s  Dl = 1 . 9 4 ,  t h e r e  i s  n e a r l y  a  
c o m p l e t e  f i l l i n g  o f  t h e  s u r f a c e  m  ( b ) .  I n  b o t h  c a s e s  t h e  
t w o  d i m e n s i o n a l  C a n t o r  s e t  i s  n o t  p r e s e n t .  T h e s e  e x a m p l e s  
i l l u s t r a t e  h o w  t h e  m a g n i t u d e  o f  t h e  e i g e n v a l u e s  a n d  t h e  
d i r e c t i o n  o f  t h e  e i g e n v e c t o r s  c a n  p r o d u c e  d r a m a t i c  e f f e c t s  




' '■ ts 2* ‘ ■
'.v, >■ ^  'V







Fig. 4.12. T h e  3D t o r a l  m a p ,  w i t h  a n d  e 3= - 0 . 1 .  ( a )
A  p r o j e c t i o n  o n t o  t h e  Y ' - Z '  p l a n e ,  ( b )  X ' - Z '  p l a n e .
A s  a  f i n a l  e x a m p l e  a n  a t t r a c t o r  w i t h  t h e  f o l l o w i n g  
e i g e n v a l u e s  c j = 1 . 4 ,  c 2= 1 . 2  a n d  e 3= 0 . 4  i s  c o n s i d e r e d ,  w i t h
d i m e n s i o n  Dl = 2 . 5 6 6 .  A t  e a c h  p o i n t  i n  p h a s e  s p a c e  t h e r e  i s  
e x p a n s i o n  i n  t w o  d i r e c t i o n s .  A v i s u a l i z a t i o n  o f  t h e  C a n t o r  
s e t  i n v o l v e s  t a k i n g  s l i c e s  t h r o u g h  t h e  a t t r a c t o r .  S h o w n  i n  
F i g .  4 . 1 3  ( a )  i s  t h e  a t t r a c t o r  f o r  a  r o t a t i o n  b y  t h e  a n g l e s  
g i v e n  i n  T a b l e  4 . 4 ,  Y ' - Z '  i s  p l o t t e d  w h e n  X '  i s  a n  e l e m e n t  
o f  ( - 0 . 0 0 1 , 0 . 0 0 1 ) .  T h e  C a n t o r  s t r u c t u r e  c a n  b e  c l e a r l y  s e e n  




Fig. 4.13. T h e  a t t r a c t o r  o f  E q .  ( 4 . 3 2 ) .  ( a )  Y ' - Z '  p l a n e ,
w i t h  c 2= 1 . 2  a n d  c 3= 0 . 4 ,  a n d  ( b )  a  m a g n i f i c a t i o n  o f  ( a ) .
4.5 CONCLUSION
The l o c a l  s t r u c t u r e  o f  t h e  h y p e r b o l i c  b a k e r  a t t r a c t o r  
i s  t h e  p r o d u c t  o f  a l i n e  and  a C a n t o r  s e t .  The e v o l u t i o n  o f  
s t r u c t u r e  i n  t h e  b a k e r  map i s  d i r e c t l y  r e l a t e d  t o  t h i s  
C a n t o r  s e t .  I t  w as  e s t a b l i s h e d  t h a t  t h e  i n c r e a s e  i n  t h e  
H a u s d o r f f  d i m e n s i o n  D i s  d u e  t o  c h a n g e s  i n  t h eO
d i s t r i b u t i o n  o f  t h e  u n s t a b l e  p e r i o d i c  o r b i t s .  A b a k e r  map 
w i t h  an i n c o m p l e t e  s e t  o f  o r b i t s  c o r r e s p o n d s  t o  a p r u n e d  
C a n t o r  s e t .  The f ( a )  s p e c t r u m  o f  t h e s e  p r u n e d  C a n t o r  s e t s  
h a v e  tw o  p r o p e r t i e s  d i f f e r e n t  f ro m  n o r m a l  C a n t o r  s e t s :  o n e ,  
t h e  maximum o f  t h e  f ( a )  s p e c t r u m  i s  a f f e c t e d  by t h e  d e g r e e  
o f  p r u n i n g  a n d ,  t w o ,  t h e  w i n g s  o f  t h e  s p e c t r u m  c o n v e r g e  n o t  
t o  o n e  b u t  t o  a s e t  o f  d i m e n s i o n s  g r e a t e r  t h a n  o n e .  I n  t h e  
a b s e n c e  o f  t h e o r e t i c a l  g u i d a n c e ,  t h e  i n t r i n s i c  p r o p e r t i e s  
o f  t h e  c u r v e s  w o u l d  b e  h a r d l y  d i s t i n g u i s h a b l e  from  
n u m e r i c a l  a r t i f a c t s .  The i n c r e a s e  i n  H a u s d o r f f  d i m e n s i o n  Do
i s  d u e  t o  c h a n g e s  i n  t h e  s t r u c t u r e  o f  t h e  C a n t o r  s e t ,  we 
f e e l  t h a t  t h i s  i s  t r u e  f o r  t y p i c a l  n o n - h y p e r b o l i c  c h a o t i c  
s y s t e m s  o f  d i m e n s i o n  l e s s  t h a n  t w o .
F u r t h e r m o r e ,  i t  w as  shown t h a t  t h e  u n s t a b l e  m a n i f o l d  
o f  a h y p e r b o l i c  t o r a l  map d o e s  n o t  w in d  d e n s e l y  a r o u n d  t h e
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t o r u s ,  b u t  c o n s i s t s  o f  a n  i n f i n i t e  n u m b e r  o f  l i n e  s e g m e n t s .
T h i s  l e a d s  t o  t h e  e f f i c i e n t  c o m p u t a t i o n  o f  t h e  d i m e n s i o n
s p e c t r u m  D t h r o u g h  a  r o t a t i o n  o f  t h i s  m a n i f o l d  w i t h  t h e  
q
r e s u l t  t h a t  t h e  s p e c t r u m  D , f o r  q > 0  i s  a p p r o x i m a t e l y  
c o n s t a n t .  B y  a n a l y z i n g  a  t h r e e  d i m e n s i o n a l  t o r a l  m ap  i t  h a s  
b e e n  s h o w n  t h a t  w h e n e v e r  t w o  c o n t r a c t i n g  d i r e c t i o n s  c o m p e t e  
i n  t h e  f o r m a t i o n  o f  a  s t r a n g e  a t t r a c t o r  a  t w o  d i m e n s i o n a l  
C a n t o r  s e t  s t r u c t u r e  i s  t o  b e  e x p e c t e d .  T h i s  s t r u c t u r e  w a s  
o b t a i n e d  f r o m  a  o p t i m u m  c h o i c e  o f  t h e  e i g e n v a l u e s .
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CHAPTER 5
NON-HYPERBOLIC SYSTEMS AND INTERMITTENCY
5.1 INTRODUCTION
T h e  m a i n  t h e m e  o f  t h i s  c h a p t e r  i s  i n t e r m i t t e n c y  m  
n o n - h y p e r b o l i c  s y s t e m s ,  a l s o  o f  i m p o r t a n c e  i s  t h e  s t u d y  o f  
s u r f a c e  a t t r a c t o r s ,  e v o l u t i o n  o f  s t r u c t u r e ,  d i m e n s i o n s  a n d  
u n s t a b l e  p e r i o d i c  o r b i t s  f o r  t h i s  t y p e  o f  s y s t e m .  T h e  t e r m  
" i n t e r m i t t e n t  c r i s i s "  i s  u s e d  p r i m a r i l y  t o  d e s c r i b e  s u d d e n  
c h a n g e s  m  a  c h a o t i c  a t t r a c t o r  a s  a  s y s t e m  p a r a m e t e r  i s  
v a r i e d  I t  h a s  b e e n  s h o w n  t h a t  a  g o o d  a g r e e m e n t  e x i s t s  
b e t w e e n  n u m e r i c a l  r e s u l t s  a n d  a  q u a n t i t a t i v e  t h e o r y ,  p u t  
f o r w a r d  b y  G r e b o g i  e t  a l . ( 1 9 8 7 ) ,  f o r  a  b r o a d  c l a s s  o f  l o w  
d i m e n s i o n a l  d i s s i p a t i v e  s y s t e m s .  T h e  m a i n  p u r p o s e  o f  t h i s  
c h a p t e r  i s  t o  i n v e s t i g a t e  t h e  a p p l i c a t i o n s  o f  t h i s  t h e o r y  
t o  c r i s e s  i n  n o n - d i s s i p a t i v e  s y s t e m s  a n d  t o  i n v e s t i g a t e  t h e  
p r o p e r t i e s  o f  t h e  c h a o t i c  a t t r a c t o r s  f o r  t h e s e  s y s t e m s .  
S t a t i s t i c a l  b e h a v i o u r  n e a r  e a c h  c r i s i s  i s  i n v e s t i g a t e d ,  
l e a d i n g  t o  t h e  a n a l y s i s  o f  a  n e w  t y p e  o f  i n t e r m i t t e n c y  t h a t  
i s  p r e s e n t  i n  b o t h  d i s s i p a t i v e  a n d  n o n - d i s s i p a t i v e  s y s t e m s .
I n  S e c .  5 . 2 ,  t h e  t h e o r y  o f  i n t e r m i t t e n c y  f o r m u l a t e d  b y  
G r e b o g i  e t  a l . ( 1 9 8 7 )  i s  r e v i e w e d .  T h e  r e l a t i o n s h i p  b e t w e e n
t h e  c r i t i c a l  e x p o n e n t ,  v , a n d  t h e  e i g e n v a l u e s  o f  a n  
u n s t a b l e  p e r i o d i c  o r b i t  a r e  g i v e n  f o r  b o t h  t h e  h e t e r o c l i n i c  
a n d  h o m o c l i n i c  t a n g e n c y . I n  S e c .  5 . 3 .  we  d i s c u s s  t h e  
c h a o t i c  b e h a v i o u r  o f  t h e  H e n o n  m a p .  T h e  g r a d u a l  m e r g i n g  o f  
a  t w o  p i e c e  a t t r a c t o r  i n t o  a  o n e  p i e c e  a t t r a c t o r  i s  
e x p l a i n e d  i n  t e r m s  o f  t h e  u n s t a b l e  o r b i t s  o n  t h e  a t t r a c t o r .  
A  t h r e e  d i m e n s i o n a l  v e r s i o n  o f  t h e  H e n o n  m ap  i s  g i v e n  w h i c h  
h a s  a  c h a o t i c  a t t r a c t o r  o f  d i m e n s i o n  g r e a t e r  t h a n  t w o  a n d  
e x h i b i t s  a n  i n t e r m i t t e n t  c r i s i s .  I n  S e c t i o n s  5 . 4  -  5 . 6  a n
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i n  d e p t h  s t u d y  i s  c a r r i e d  o u t  f o r  t h r e e  d i f f e r e n t  n o n
d i s s i p a t i v e  m a p p i n g s .  A d e t a i l e d  k n o w l e d g e  o f  t h e  l o c a t i o n  
o f  t h e  s t a b l e  a n d  u n s t a b l e  m a n i f o l d s  o f  t h e  p e r i o d i c  o r b i t  
t h a t  c o l l i d e s  w i t h  t h e  a t t r a c t o r  a l l o w s  b o t h  a n  
i d e n t i f i c a t i o n  o f  t h e  t y p e  o f  c r i s i s  a n d  a  c o m p a r i s o n  w i t h  
e x i s t i n g  t h e o r y .  T h e  p r o p e r t i e s  o f  t h e  c h a o t i c  a t t r a c t o r s  
i n  t h e s e  s y s t e m s  a r e  e x a m i n e d ,  t o g e t h e r  w i t h  t h e i r  
e v o l u t i o n .  I n  S e c .  5 . 7  t h e  s y m b o l i c  d y n a m i c s  a r e  e x a m i n e d  
f o r  a  n o n - d i s s i p a t i v e  a t t r a c t o r .
5.2 THEORY OF INTERMITTENCY
I n  d y n a m i c a l  s y s t e m s ,  a s  a  s y s t e m  p a r a m e t e r  i s
v a r i e d ,  i t  i s  n o t  u n u s u a l  t o  e n c o u n t e r  s u d d e n  c h a n g e s  i n  a  
c h a o t i c  a t t r a c t o r .  T h e  t e r m  c r i s i s  i n d u c e d  i n t e r m i t t e n c y  i s  
u s e d  t o  c h a r a c t e r i z e  t h e  t e m p o r a l  b e h a v i o u r  w h i c h  o c c u r s  
d u e  t o  t h e  s w i t c h i n g  b e t w e e n  t w o  ( o r  m o r e )  c h a o t i c
a t t r a c t o r s .  T h i s  t e r m  h a s  a l s o  b e e n  u s e d  t o  d e s c r i b e  t h e  
s u d d e n  d e s t r u c t i o n  o f  a  c h a o t i c  a t t r a c t o r  ( G r e b o g i b e t  a l . ,
1 9 8 6 ) .  C r i s i s  c a n  b e  r e p r e s e n t e d  a s  f o l l o w s :
( c h a o s  ) — > ( c h a o s  )—> ( c h a o s  ) — » ( c h a o s  )—> ---------------1 2 1 2
w h e r e  c h a o s j  a n d  c h a o s 2 r e p r e s e n t  c h a o t i c  a t t r a c t o r s  i n
d i f f e r e n t  r e g i o n s  o f  p h a s e  s p a c e  a n d  u s u a l l y  o f  d i f f e r e n t
d i m e n s i o n s .  T h i s  t y p e  o f  i n t e r m i t t e n c y  i s  t o  b e  c o n t r a s t e d
w i t h  t h a t  t y p e  o f  i n t e r m i t t e n c y  d i s c u s s e d  b y  P o m e a u  a n d
M a n n e v i l l e  ( 1 9 8 0 ) .
( c h a o s ) — » ( a p p r o x .  p e r i . ) — » ( c h a o s ) — » ( a p p r o x .  p e r i . ) —> —
A n  e x a m p l e  o f  t h i s  l a t t e r  t y p e  w i l l  b e  d i s c u s s e d  i n  S e c .  
5 . 6 . 1 .
L e t  A d e n o t e  a  r e l e v a n t  s y s t e m  p a r a m e t e r ,  a n d  l e t  A
C
d e n o t e  t h e  v a l u e  o f  A a t  t h e  c r i s i s ,  w i t h  t h e  i n t e r m i t t e n c y  
o c c u r r i n g  a s  A  i n c r e a s e s  t h r o u g h  A . F o r  A l e s s  t h a n  A ,
C  c
t h e r e  i s  c h a o s  , w h i l e  f o r  A  g r e a t e r  t h a n  A  t h e r e  i s1 c
c h a o s i  a n d  c h a o s 2 . T h e  t e m p o r a l  d e p e n d e n c e  o f  t h e  s y s t e m  
c a n  b e  c h a r a c t e r i z e d  b y  a  t i m e  , x, w h i c h  i s  t h e  average 
d u r a t i o n  s p e n t  o n  t h e  c h a o s i  a t t r a c t o r .  F o r  a  l a r g e  c l a s s
8 1
o f  s y s t e m s  w i t h  a  c r i s i s  t h e  d e p e n d e n c e  o f  x  o n  a  s y s t e m  
p a r a m e t e r ,  A ,  i s
z  *  ( A - A  )~r  ( 5 . 1 )
C
j  i s  c a l l e d  t h e  c r i t i c a l  e x p o n e n t .  F o r  a  s u c c e s s f u l  
e s t i m a t e  o f  y  i t  m a y  b e  n e c e s s a r y  t o  c a l c u l a t e  t h e  c r i t i c a l  
v a l u e  A  t o  e i g h t  d e c i m a l  p l a c e s .
C
A q u a n t i t a t i v e  t h e o r y  h a s  b e e n  d e v e l o p e d  b y  G r e b o g i  e t  
a l .  ( 1 9 8 7 )  f o r  t h e  d e t e r m i n a t i o n  j  f o r  a  b r o a d  c l a s s  o f  l o w  
d i m e n s i o n a l  d i s s i p a t i v e  s y s t e m s .  I n  p a r t i c u l a r ,  t h e y  
c o n s i d e r  t w o  d i m e n s i o n a l  m a p s  f o r  w h i c h  t h e  c r i s i s  i s  d u e  
t o  a  t a n g e n c y  o f  t h e  s t a b l e  m a n i f o l d  o f  a n  u n s t a b l e
p e r i o d i c  o r b i t  w i t h  t h e  u n s t a b l e  m a n i f o l d  o f  a n o t h e r  o r  t h e  
s a m e  p e r i o d i c  o r b i t ,  a n d  a r e  d e f i n e d  a s  f o l l o w s
( i )  H e t e r o c l m i c  t a n g e n c y  T h e  s t a b l e  m a n i f o l d  o f  a n  
u n s t a b l e  p e r i o d i c  o r b i t  ( B )  i s  t a n g e n t  t o  t h e  u n s t a b l e  
m a n i f o l d  o f  a n  u n s t a b l e  p e r i o d i c  o r b i t  ( C )  o n  t h e
a t t r a c t o r .
( i i )  H o m o c l i n i c  t a n g e n c y .  T h e  s t a b l e  a n d  u n s t a b l e  m a n i f o l d s  
o f  a n  u n s t a b l e  p e r i o d i c  o r b i t  a r e  t a n g e n t .
T h e  c r i t i c a l  e x p o n e n t  o b e y s  t w o  d i s t i n c t  f o r m u l a s  
d e p e n d i n g  o n  t h e  t y p e  o f  t a n g e n c y .  T h e  f o l l o w i n g  e q u a t i o n s  
a p p l y  t o  t w o  d i m e n s i o n a l  d i s c r e t e  s y s t e m s  a r e  t h r e e
d i m e n s i o n a l  c o n t i n u o u s  s y s t e m s .  I n  t h e  c a s e  o f  a  
h e t e r o c l m i c  c r i s i s ,  w e  h a v e
7  = \  ~ l n | a J  /  l n | a 2 | ( 5 . 2 )
w h e r e  a n d  a 2 a r e  t h e  e x p a n d i n g  ( | o£i  | > 1 )  a n d  c o n t r a c t i n g  
( | ot2 1 < 1 )  e i g e n v a l u e s ,  r e s p e c t i v e l y ,  o f  t h e  p e r i o d i c  o r b i t
C .  I n  t e r m s  o f  L y a p u n o v  e x p o n e n t s  E q .  ( 5 . 2 )  g i v e s
r  =  l - y * 2 ( 5 . 3 )
I t  i s  o b v i o u s  t h a t  y i s  r e l a t e d  t o  t h e  L y a p u n o v  d i m e n s i o n
D l  b y
*  = ( 5 . 4 )
I n  t h e  c a s e  o f  a  h o m o c l m i c  c r i s i s
7 = l n | / S 2 | /  I n  | /31/S2 | 2 ( 5 . 5 )
w h e r e  a n d  |32 a r e  t h e  e x p a n d i n g  a n d  c o n t r a c t i n g
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e i g e n v a l u e s  o f  t h e  p e r i o d i c  o r b i t .  I n  t e r m s  o f  L y a p u n o v  
e x p o n e n t s  E q .  ( 5 . 5 )  g i v e s
Z = \  /  2 ( \  +\ ) ( 5 . 6 )2 1 2
I n  t e r m s  o f  DL
7 = ( 5 . 7 )
2D - 4
L
F o r  s t r i c t l y  d i s s i p a t i v e  m a p s  | a  a  | < 1 .  F o r  t h e  
h e t e r o c l i n i c  c a s e  y  l i e s  i n  t h e  r a n g e  1 / 2  s r -  3 / 2 ,  w i t h  
y — >3/2 a s  | o i jC^ | — >1 . F o r  t h e  h o m o c l i n i c  c a s e  y l i e s  i n  t h e  
r a n g e  1 / 2  ±7 * co, w i t h  y — *o a s  I 3^1/32 1— • L a r g e r  v a l u e s  o f  
? c o r r e s p o n d  t o  l o n g  c h a o t i c  t r a n s i e n t s  w h i c h  t e n d  t o  
p e r s i s t  o v e r  l a r g e r  p a r a m e t e r  r a n g e s .
F o r  t w o  d i m e n s i o n a l  m a p s  t h a t  a r e  s t r i c t l y  d i s s i p a t i v e  
t h e s e  t w o  t y p e s  o f  c r i s i s  a p p e a r  t o  b e  t h e  o n l y  k i n d s  o f  
c r i s i s  w h i c h  c a n  o c c u r .  E x p e r i m e n t a l  o b s e r v a t i o n s  o f  
c h a o t i c  b u r s t i n g  i n  a  f l u i d  h a v e  b e e n  r e p o r t e d  b y  M e t c a l f e  
a n d  B e h r i n g e r  ( 1 9 9 2 ) .  T h e  r e s u l t s  o f  t h i s  e x p e r i m e n t  a g r e e  
w i t h  t h e  s c a l i n g  g i v e n  b y  E q .  ( 5 . 1 ) . T h e  e x i s t e n c e  o f  a  
s p e c t r u m  o f  c r i t i c a l  e x p o n e n t s  r e l a t e d  t o  a  s p e c t r u m  o f  
g e n e r a l i z e d  d i m e n s i o n s  D m i g h t  b e  i n f e r r e d  f r o m  E q .  ( 5 . 4 )  
a n d  E q .  ( 5 . 7 )  I n  t h e  f o l l o w i n g  p a r t s  o f  t h i s  c h a p t e r ,  t h e  
a p p l i c a t i o n  o f  E q .  ( 5 . 3 )  a n d  E q .  ( 5 . 6 )  t o  n o n  d i s s i p a t i v e  
s y s t e m s  w i l l  b e  c o n s i d e r e d .
5.3 HENON MAP
I n  w h a t  f o l l o w s ,  a  b r i e f  a c c o u n t  i s  g i v e n  o f  o n e  o f  
t h e  m o s t  e x t e n s i v e l y  s t u d i e d  a t t r a c t o r s ;  t h e  H e n o n  
a t t r a c t o r .  T h e  H e n o n  m ap  ( H e n o n ,  1 9 7 6 )  s t i l l  m o t i v a t e s  
r e s e a r c h  d e s p i t e  b e i n g  o n e  o f  t h e  s i m p l e s t  d i s c r e t e  s y s t e m s  
t h a t  e x h i b i t s  c h a o t i c  b e h a v i o u r  b u t  t h e  u n d e r s t a n d i n g  o f  
i t s  d y n a m i c s  i s  s t i l l  i n c o m p l e t e .  P r e v i o u s  s t u d i e s  h a v e  
i n c l u d e d :  C h a o t i c  t r a n s i e n t s  /  i n t e r m i t t e n c y  ( G r e b o g i b e t
a l . ,  1 9 8 6 ) ,  f r a c t a l  b a s i n  b o u n d a r i e s  ( G r e b o g i 3 e t  a l . ,  1 9 8 6  
a n d  A l l i g o o d  a n d  Y o r k e ,  1 9 8 9 ) ,  c o e x i s t i n g  a t t r a c t o r s  w i t h  
f r a c t a l  b a s i n s  o f  a t t r a c t i o n  ( G r e b o g i  e t  a l . ,  1 9 8 3 ) ,  p e r i o d
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d o u b l i n g  b i f u r c a t i o n s  ( D e r r i d a  e t  a l . ,  1 9 7 9 ) ,  C a n t o r  s e t s  
( H e n o n ,  1 9 7 6 ) ,  a n d  f ( a )  s p e c t r a  ( G u n a r a t n e  a n d  P r o c a c c i a ,
1 9 8 7 )  .
2 2T h e  H e n o n  m ap  Ha b :IR ------> R i s  g i v e n  b y
X = 1 + Y -  A X 2 
1 + 1 1  1 ( 5 . 8 )
Y = BXi+l i
w h e r e  A a n d  B a r e  p a r a m e t e r s .  T h e  J a c o b i a n  i s  d e f i n e d  b y
D H [ v  ] = f ~ 2 S X 1 1 ( 5 . 9 )
T h e  s y m b o l  DH d e n o t e s  t h e  m a t r i x  o f  p a r t i a l  d e r i v a t i v e s  o f  
H .  N o t e  t h a t  d e t ( D H ) = - B ,  t h u s  t h e  J a c o b i a n  d e t e r m i n a n t  i s  
c o n s t a n t  a n d  i n d e p e n d e n t  o f  X a n d  Y .  T h e  m a p p i n g  H i s  a  
d i f  f e o m o r p h i s m  o f  IR a s  l o n g  a s  B * 0 . A m a p p i n g  i s  a  
d i f f e o m o r p h i s m  i f  i t  i s  o n e - o n e ,  o n t o ,  C°°, a n d  i t s  i n v e r s e  
i s  a l s o  C°°. T h e  i n v e r s e  m a p p i n g  H-1 i s  g i v e n  b y
a ,  b
X = Y / a
1+1 1 2 2 ( 5 - 10)Y = X -  1 + aY  / b
i  +  l  i  1
F o r  0 < B *  1 t h e r e  e x i s t  a n  a  & b  w i t h  b  > 1 s u c h  t h a t
H i s  t o p o l o g i c a l l y  c o n j u g a t e  t o  H-1 i . e .
A , B  a , b
H o R = R o H ' 1 ( 5 . 1 1  )
A , B  a , b
T h e  l i n e a r  h o m e o m o r p h i s m  R i s  g i v e n  b y
X = - Y ( 5 . 1 2 )
Y = - X
M a p p i n g s  w h i c h  a r e  t o p o l o g i c a l l y  c o n j u g a t e  a r e  c o m p l e t e l y  
e q u i v a l e n t  i n  t e r m s  o f  t h e i r  d y n a m i c s .  I n  f a c t  t h e  m a p p i n g  
H i s  e q u i v a l e n t  t o  t h e  i n v e r s e  m a p p i n g  H-1 f o r
A , B  a , b
B = 1  , A = | a  ( 5 . 1 3 )
O n e  m a y  e a s i l y  c h e c k  t h a t  o r b i t s  o f  Ha g o  o v e r  v i a  R t o  
o r b i t s  o f  H_1 .
a ,  b
T h e  f i x e d  p o i n t s  o f  t h e  m a p p i n g  H a r e  g i v e n  b y
A,  B
( B —1 ) ± V { ( B —1 ) 2+ 4 A )  ^  x( X  , Y ) = 
1 , 2  1 , 2 2A ' 1,2 ( 5 . 1 4 )
T h e  e i g e n v a l u e s  o f  t h e s e  t w o  f i x e d  p o i n t s  a r e
e i  2= - A X  ± V ( A X 2+ B ) ( 5 . 1 5 )
84
F o r  B = 0  3 t h e  f i x e d  p o i n t  ( X2 ' Y2 ) i - s  a  s a d d l e  p o i n t  f o r  
e v e r y  v a l u e  o f  A .  T h e  o t h e r  f i x e d  p o i n t  i s  a s y m p t o t i c a l l y  
s t a b l e  f o r  A < 0 . 3 6 7 5  w h e r e  a  f l i p  i n t o  a  p e r i o d  2 o r b i t  
o c c u r s .  A p e r i o d  d o u b l i n g  c a s c a d e  o c c u r s  f o r  i n c r e a s i n g  A .  
D e r r i d a  e t  a l . ( 1 9 7 9 )  h a s  v e r i f i e d  t h a t  t h e  c a s c a d e
c o n v e r g e s  t o  t h e  u n i v e r s a l  F e i g e n b a u m  n u m b e r s  k a n d  5 .  T h e  
H e n o n  m a p  w h i c h  i s  n o n h y p e r b o l i c  h a s  o f  y e t  n o t  b e i n g  
p r o v e d  t o  b e  a  s t r a n g e  a t t r a c t o r ,  b u t  e x t e n s i v e  n u m e r i c a l  
i n v e s t i g a t i o n  s u g g e s t s  t h e  e x i s t e n c e  o f  a  s t r a n g e  
a t t r a c t o r .  I n  p a r t i c u l a r  B e n e d i c k s  a n d  C a r l e s o n  ( 1 9 9 1 )  
p r o v e  t h a t  t h e  a t t r a c t o r  i s  t h e  c l o s u r e  o f  t h e  u n s t a b l e  
m a n i f o l d .  T h e  f a c t  t h a t  a  t r a j e c t o r y  i s  d e n s e  o n  t h e  
u n s t a b l e  m a n i f o l d  e x c l u d e s  t h e  e x i s t e n c e  o f  s t a b l e  p e r i o d i c  
o r b i t s .  U n f o r t u n a t e l y ,  n e i t h e r  t h e  t h e o r e m  n o r  i t s  p r o o f  
p r o d u c e s  a n y  e x p l i c i t  p a r a m e t e r  v a l u e s  f o r  w h i c h  t h e  H e n o n  
map  i s  c h a o t i c .  A h y p e r b o l i c  p i e c e w i s e  l i n e a r  v e r s i o n  o f  
t h e  H e n o n  m ap  w a s  p r o p o s e d  b y  L o z i  ( 1 9 7 8 )  a n d  M i s i u r e w i c z  
( 1 9 8 0 )  w a s  a b l e  t o  d e m o n s t r a t e  t h a t  t h e  L o z i  m ap  h a s  a  t r u e  
c h a o t i c  a t t r a c t o r .
T h e  i n v e r s e  m a p p i n g  c a n  b e  u s e d  t o  c o m p u t e  s t a b l e  
m a n i f o l d s  o f  t h e  u n s t a b l e  p e r i o d i c  o r b i t s .  S h o w n  i n  F i g .
X
FIG. 5.1. S t a b l e  a n d  u n s t a b l e  m a n i f o l d  f o r  t h e  H e n o n  m ap  
a t  A = 1 . 4  a n d  B = 0 . 3 .
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5 . 1  i s  t h e  s t a b l e  m a n i f o l d  o f  t h e  p e r i o d  o n e  f i x e d  p o i n t .  
T h e  l o c a l  s t a b l e  m a n i f o l d  Ws i s  u s e d  t o  c o m p u t e  t h e1 o c
g l o b a l  s t a b l e  m a n i f o l d  s h o w n  i n  t h i s  f i g u r e .  A t  a  p o i n t  
Ws a n d  Wu a r e  t a n g e n t  t o  t h e  s t a b l e  a n d  u n s t a b l e1 o c 1 o c
e i g e n v e c t o r s  ( E q .  ( 5 . 1 5 ) ) .  W h i l e  t h e  i n v a r i a n t  m a n i f o l d  o f  
f l o w s  a r e  c o m p o s e d  o f  t h e  u n i o n s  o f  s o l u t i o n  c u r v e s ,  t h o s e  
o f  m a p s  a r e  u n i o n s  o f  d i s c r e t e  p o i n t s .  T h e  a t t r a c t o r  w h i c h  
i s  t h e  c l o s u r e  o f  t h e  u n s t a b l e  m a n i f o l d  i s  a l s o  s h o w n .  
F i g u r e  5 . 2  ( a )  s h o w s  t h e  r e s u l t s  o f  a  n u m e r i c a l  e x p e r i m e n t  
w i t h  t h e  c l a s s i c a l  p a r a m e t e r s  A - 1 . 4  a n d  B = 0 . 3 .  A t y p i c a l  
s t r a n g e  a t t r a c t o r  l i k e  t h a t  i n  F i g .  5 . 2  ( a )  e x h i b i t s  a
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F I G .  5 . 2 .  T h e  H e n o n  a t t r a c t o r  a t  A = 1 . 4  a n d  B = 0 . 3 .  ( s e e  








u n s t a b l e  m a n i f o l d s .  S u c c e s s i v e  p o i n t s  d i s t r i b u t e  t h e m s e l v e s  
o n  a  c o m p l e x  s y s t e m  o f  l i n e s .  A m a g n i f i c a t i o n  o f  t h e  s q u a r e  
i n  F i g .  5 . 2  ( a )  y i e l d s  F i g .  5 . 2  ( b )  a n d  t h i s  p r o c e s s  i s
r e p e a t e d  t o  g i v e  5 . 2  ( c )  & ( d ) .  T h i s  s y s t e m  o f  l i n e s
c o n s t i t u t e  a  s t r a n g e  a t t r a c t o r .  T h e  s e l f  s i m i l a r i t y  v i s i b l e  
i n  F i g .  5 . 2 ,  i s  a  t y p i c a l  p r o p e r t y  o f  a  s e t  w h i c h  i s  
i n v a r i a n t  u n d e r  t i m e  e v o l u t i o n ,  a n d  m a k e s  i t  a  f r a c t a l  s e t .
T h e  L y a p u n o v  e x p o n e n t s  a n d  a r e  c o m p u t e d  a s  a  
f u n c t i o n  o f  t h e  p a r a m e t e r  A ( w i t h  B = 0 . 3 )  a n d  f i x e d  i n i t i a l  
c o n d i t i o n s .  T h e  r e s u l t s  a r e  s h o w n  i n  F i g .  5 . 3  ( a ) .  N o t e
t h e r e  i s  o n l y  o n e  i n d e p e n d e n t  e x p o n e n t  s i n c e  X + A = l n | b | .  
^ > 0  c o r r e s p o n d s  t o  c h a o t i c  a t t r a c t o r s  w h i l e  ^ < 0  g i v e s  
r i s e  t o  a  p e r i o d i c  a t t r a c t o r .  W i t h  g r e a t e r  r e s o l u t i o n  m a n y  
m o r e  t r a n s i t i o n s  f r o m  c h a o t i c  t o  p e r i o d i c  a t t r a c t o r s  w o u l d  
b e  a p p a r e n t .  T h e  L y a p u n o v  d i m e n s i o n  f o r  t h e  s a m e  r a n g e  o f  A  
i s  s h o w n  i n  ( b ) .  E x c l u d i n g  t h e  p e r i o d i c  w i n d o w s  t h e r e  i s  a n  
o v e r a l l  i n c r e a s e  i n  t h e  e n t r o p y  Kl a n d  t h e  d i m e n s i o n  Dl f o r  
i n c r e a s i n g  A .  T h e  i n c r e a s i n g  e n t r o p y  c o r r e s p o n d s  t o  n e w  
o r b i t s  w h i l e  t h e  i n c r e a s i n g  d i m e n s i o n  i s  r e l a t e d  t o  t h e  
d i s t r i b u t i o n  o f  t h e s e  o r b i t s .  T h r e e  d i f f e r e n t  C a n t o r  s e t s  
a r e  s h o w n  i n  F i g .  5 . 4  f o r  t h e  p a r a m e t e r  v a l u e s  A = 1 . 0 7 ,  1 . 2 1  
a n d  1 . 4 0  w i t h  d i m e n s i o n s  Dl = 1 . 0 7 5 ,  1 . 2 0 9  a n d  1 . 2 6 0  a n d
e n t r o p i e s  K^= 0 . 0 9 8 ,  0 . 3 1 8  a n d  0 . 4 2 2  r e s p e c t i v e l y .  A s  t h e
p a r a m e t e r  A i s  i n c r e a s e d  m o r e  c o m p l i c a t e d  s t r u c t u r e s  w i t h  
l a r g e r  d i m e n s i o n s  a r e  a p p a r e n t .  I n t e r s p e r s e d  w i t h  t h e s e  
s t r a n g e  a t t r a c t o r s ,  a n d  a r b i t r a r i l y  c l o s e  t o  t h e m  a r e  
s t a b l e  s o l u t i o n s  ( F i g .  5 . 3 ) .  T h e  t y p e  o f  s t r u c t u r e  o b s e r v e d  
h e r e  ( a l t h o u g h  i n t e r s p e r s e d  w i t h  s t a b l e  s o l u t i o n s )  s h o u l d  
b e  c o n t r a s t e d  w i t h  t h e  p r u n e d  b a k e r  m ap  ( S e c .  4 . 3 )  w h e r e  a  
s i m i l a r  e v o l u t i o n  o f  s t r u c t u r e  a n d  d i m e n s i o n  w a s  o b s e r v e d .
5 .3 .1  A ttr a c to r s  Merging
C h a o t i c  a t t r a c t o r s  c o n s i s t i n g  o f  m a n y  p i e c e s  a r e  
c o m m on  t o  a  w i d e  r a n g e  o f  d y n a m i c a l  s y s t e m s .  W hen  t h e  
o r b i t s  o n  t h e  a t t r a c t o r  c y c l e s  s e q u e n t i a l l y  t h r o u g h  t h e  
i n d i v i d u a l  p i e c e s ,  t h e n  t h e y  c a n  b e  m a p p e d  o n t o  e a c h  o t h e r  




F I G .  5 . 3 .  ( a )  T h e  L y a p u n o v  e x p o n e n t s  A a n d  A a s  a
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FIG. 5.4. T h e  C a n t o r  s e t  o f  t h e  H e n o n  m ap  f o r  t h r e e  
v a l u e s  o f  A n a m e l y  A = 1 . 0 7 ,  1 . 2 1  a n d  1 . 4 0 .
t w o  p i e c e  a t t r a c t o r  m e r g i n g  i n t o  a  o n e  p i e c e  a t t r a c t o r  
w h e r e  t h e  o r b i t s  d o  n o t  c y c l e  s e q u e n t i a l l y .  T h e  m e r g i n g  
p r o c e s s  i s  g r a d u a l  a s  o p p o s e d  t o  a  c r i s i s  i n d u c e d  
i n t e r m i t t e n c y .
T h e  t w o  p i e c e  a t t r a c t o r  i s  s h o w n  i n  F i g .  5 . 5  ( a )  f o r  
t h e  p a r a m e t e r  A = 1 . 1 2 .  S e q u e n t i a l  i t e r a t i o n s  o f  t h e  m a p p i n g  
d o  n o t  a l t e r n a t e  b e t w e e n  t h e  t w o  p i e c e s .  T h e s e  t w o  p i e c e s  
m e r g e  t o  f o r m  t h e  a t t r a c t o r  i n  ( b )  a t  A = 1 . 2 .  T h e  u n s t a b l e  
p e r i o d  o n e  f i x e d  p o i n t  i s  s h o w n  i n  t h e s e  f i g u r e s  a n d  t h e  
u n s t a b l e  d i r e c t i o n s  a r e  i n d i c a t e d .  T h e  a t t r a c t o r s  a r e  
l o c a t e d  o n  o p p o s i t e  s i d e s  o f  t h e  s t a b l e  m a n i f o l d .  I t  h a s  
b e e n  s e e n  t h a t  o r b i t s  o f  h i g h  p e r i o d i c i t y  p r o v i d e  a  d e n s e  
c o v e r a g e  o f  t h e  a t t r a c t o r  a s  A  i s  i n c r e a s e d  a n d  t h a t  t h e r e  
i s  a  o n e  t o  o n e  c o r r e s p o n d e n c e  b e t w e e n  t h e  l o c a t i o n  o f  t h e  
o r b i t s  a n d  t h e  c h a o t i c  a t t r a c t o r .  A s i m i l a r  e x p a n s i o n  o f  
t h e  a t t r a c t o r  h a s  b e e n  o b s e r v e d  f o r  t h e  b a k e r  m a p  E q .
( 4 . 1 7 ) .
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XF i g .  5 , 5 .  T h e  H e n o n  a t t r a c t o r ,  a t  B = 0 . 3 .  ( a )  A = 1 . 1 2 ,  ( b )
A=1  . 2
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5 .3 .2  H igher D im en s io n al  In v e r t ib le  M aps
C o n s i d e r  t h e  map Ha b [R3  » K3 g i v e n  by
X = 1 -  A Y 2 + Z 
1 + 1  i  i
Y = - X  ( 5 . 1 6 )
1 + 1  i
Z = - B Yi+i i
w h e r e  A and B a r e  p a r a m e t e r s .  The m a p p in g  H i s  a
d i f  f  e o m o r p h i s m  o f  !R a s  l o n g  a s  B * 0 . O ne  c a n  c o m p u t e
r e a d i l y  t h a t  t h e  d e t e r m i n a n t  J a c o b i a n  i s  B and h e n c e
c o n s t a n t  a n d  i n d e p e n d e n t  o f  X a n d  Y .  A n  n  d i m e n s i o n a l
d i s c r e t e  map w i t h  c o n s t a n t  J a c o b i a n  h a s  b e e n  i n t r o d u c e d  by
B a i e r  a n d  K l e i n  ( 1 9 9 0 )  a n d  a  t h r e e  d i m e n s i o n a l  m a p  w i t h
c o n s t a n t  J a c o b i a n  w h i c h  e x h i b i t s  c h a o t i c  b e h a v i o u r  w i t h
d i m e n s i o n  c l o s e  t o  t h r e e  h a s  b e e n  a n a l y z e d  b y  P e p l o w s k i
a n d  S t e f a n s k i  ( 1 9 8 8 ) .
One  p i e c e  o f  a  f o u r  p i e c e  a t t r a c t o r  i s  s h o w n  i n  F i g .
5 . 6  ( a )  f o r  B = 0 . 1 7 .  T h e  d i m e n s i o n  D = 1 . 5 5  w i t h  L y a p u n o v
e x p o n e n t s  A ^ O  0 8 9 ,  ^ 2= _ 0 1 6 2  a n d  A3= - 1 . 6 9 2 .  F o r  B > 0 . 1 7 7
t h e r e  i s  an i n t e r m i t t e n t  c r i s i s .  Due t o  t h e  p r e s e n c e  o f
p e r i o d i c  w i n d o w s  a n d  a t t r a c t o r s  o f  d i f f e r e n t  s t r u c t u r e  t h e
c r i t i c a l  v a l u e  B c a n  n o t  b e  d e t e r m i n e d .  S i n c e  t h ec
i n t e r m i t t e n c y  t a k e s  p l a c e  f r o m  a n  a t t r a c t o r  o f  d i m e n s i o n  
Dl = 1 . 5 5 ,  E q  ( 5 . 3 )  a n d  E q .  ( 5 . 6 )  m a y  a p p l y .  T h e  
i n t e r m i t t e n t  t r a n s i t i o n  i s  t o  a n  a t t r a c t o r  o f  d i m e n s i o n  
D ^ > 2 .  S i m i l a r  t y p e s  o f  i n t e r m i t t e n c y  w i l l  b e  e x a m i n e d  i n  
t h e  f o l l o w i n g  p a r t s  o f  t h i s  c h a p t e r  u s i n g  t w o  d i m e n s i o n a l  
m a p s .
T h e  a t t r a c t o r  s h o w n  i n  F i g .  5 . 6  ( b )  w i t h  B = 0 . 3  h a s
d i m e n s i o n  DL= ^ ^  w i t h  L y a p u n o v  e x p o n e n t s  A ^ O . 1 4 7 ,  
A = 0 . 0 7 7  a n d  A = - 1  . 4 3 .  S i n c e  A +A >0 t h e  d y n a m i c s  t a k e2 3 \  2. 1
p l a c e  on  a s u r f a c e .  A s e c t i o n  t h r o u g h  t h i s  a t t r a c t o r  
r e v e a l s  a C a n t o r  s e t  o f  l o w  d i m e n s i o n .  The d y n a m i c s  on  a 
s u r f a c e  c a n  b e  e x a m i n e d  u s i n g  t h e  tw o  d i m e n s i o n a l  m a p p i n g s  





F i g .  5 . 6 .  T h e  H e n o n  a t t r a c t o r ,  a t  A = 1 . 2 .  ( a )  B=
( b )  B = 0 . 3 >B
0 . 1 7 <B ,
C
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5 4 USHIKI MAP
2 2C o n s i d e r  t h e  t w o  d i m e n s i o n a l  m a p  U :IR ------» (R g i v e n  b y
( U s h i k i  e t  a l  , 1 9 8 0 ) ,
( 5 . 1 7 )
w i t h  t h e  p a r a m e t e r s  A ,  a n d  B 2 , s u c h  t h a t
A > 1 , 1 > B , B  2: 0 ' 1 ' 2 ( 5 . 1 8 )
T h e  X a x i s  a n d  t h e  l i n e  d e f i n e d  b y  t h e  e q u a t i o n  A - B  X - Y  =0  
a r e  m a p p e d  o n t o  t h e  X a x i s .  L i k e w i s e  t h e  Y a x i s  a n d  t h e  
l i n e  d e f i n e d  b y  t h e  e q u a t i o n  A - B 2Y - X  = 0  a r e  m a p p e d  o n t o  t h e  
Y a x i s .  T h i s  s e t  i s  b o u n d e d  b y  a  q u a d r a n g l e  w h i c h  i s  
d e n o t e d  b y  D ,  a n d  U ( D ) c D .  H e n c e ,  t h e r e  i s  a  b o u n d e d  d o m a i n  
( t r a p p i n g  r e g i o n )  w h i c h  i s  a  n e c e s s a r y  c o n d i t i o n  f o r  c h a o s .
T h e r e  a r e  f o u r  f i x e d  p o i n t s
t h r e e  o f  w h i c h  a r e  o n  t h e  b o u n d a r y  o f  D a n d  t h e  o t h e r  i s
w i t h i n  t h e  i n t e r i o r  o f  D .  T h i s  c h a o t i c  m a p  h a s  b e e n  d e r i v e d
f r o m  a  s y s t e m  o f  t w o  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  u s i n g
a n  E u l e r ' s  f i n i t e  d i f f e r e n c e  m e t h o d .  D i f f e r e n t i a l  s y s t e m s
w i t h  t h r e e  d e g r e e s  o f  f r e e d o m  a r e  n e e d e d  f o r  c h a o t i c
b e h a v i o u r  w h i c h  i m p l i e s  t h a t  t h e  c h a o t i c  m a p p i n g  a b o v e  h a s
n o  d i r e c t  a s s o c i a t i o n  w i t h  t h e  t w o  d i f f e r e n t i a l  e q u a t i o n s .
T h r e e  r e g i o n s  o f  t h e  p a r a m e t e r  s p a c e  A  a r e  e x p l o r e d  w i t h
B = 0 . 1  a n d  B = 0 . 1 5  a n d  t h e  t y p e  o f  b e h a v i o u r  o b s e r v e d  i s  a  1 2
g o o d  r e p r e s e n t a t i o n  o f  t h e  c h a o t i c  b e h a v i o u r  o f  t h i s  a n d  
t h e  p r o c e e d i n g  m a p s .
5.4.1 In term ittency Between a Dissipative and a  
Non-Dissipative A t t r a c to r .
A d i s s i p a t i v e  a t t r a c t o r  i s  s h o w n  i n  F i g .  5 . 7  ( a )  f o r  
A = 3 . 7 4 5 7 2 .  T h i s  i s  a  p e r i o d  e i g h t  c h a o t i c  a t t r a c t o r ,  o f  
w h i c h  o n e  p i e c e  i s  s h o w n  A p a r t  f r o m  a  s l i g h t  d i s t o r t i o n  
t h e  o t h e r  p i e c e s  h a v e  i d e n t i c a l  f r a c t a l  s t r u c t u r e .  F i g .  5 . 7
( b )  ( f o r  A = 3 . 7 4 5 7 1 )  s h o w s  t h e  l o c a t i o n  o f  s o m e  r e l e v a n t
( 0 , 0 ) ,  ( A—1 , 0 ) ,  ( 0 , A—1 ) ,
( A - 1  ) (1 - B i ) ( A - 1 ) ( 1 - B 2 )
( 5 . 1 9 )1 - B  B1 2 '  1 - B  B  1 2
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p e r i o d i c  o r b i t s ,  o f  p e r i o d  8 ,  1 6 ,  1 2 0 .  T h e i r  s t a b i l i t y  a n d
o r b i t a l  d i m e n s i o n s  a r e  g i v e n  i n  T a b l e  5 . 1 .  T h e  p e r i o d  8 i s
a  r e p e l l i n g  o r b i t  w i t h  t w o  p o s i t i v e  L y a p u n o v  e x p o n e n t s .
S i n c e  t h i s  i s  a  p e r i o d  e i g h t  c h a o t i c  a t t r a c t o r  a l l  o r b i t s
o n  t h e  a t t r a c t o r  m u s t  b e  s o m e  m u l t i p l e  o f  e i g h t .  I n  f a c t
t h e  o r b i t s  o f  l o w e s t  p e r i o d i c i t y  o n  t h e  a t t r a c t o r  a r e
o r b i t s  o f  p e r i o d  1 2 0 ,  o f  w h i c h  t h e r e  a r e  t w o .  C o n s e c u t i v e
o r b i t s  a r e  o f  p e r i o d s  1 2 8 ,  1 3 6 ,  1 4 4 , . . . .  S u r r o u n d i n g  t h i s
a t t r a c t o r  a r e  o r b i t s  o f  a l l  p e r i o d s  m o s t  o f  w h i c h  a r e
r e p e l l i n g  T h e  L y a p u n o v  e x p o n e n t s  o f  t h e  a t t r a c t o r  a r e
A i  = 0 0 1 9 1  a n d  A-2= - 0 . 0 5 8 2  w i t h  L y a p u n o v  d i m e n s i o n  Dl = 1 . 3 3 .
T h e  c o r r e l a t i o n  d i m e n s i o n  i s  D = 1 . 2 4 ± 0 . 0 1 ,  w h i c h  a s2
e x p e c t e d  i s  a  l o w e r  b o u n d  o n  Dl>  S u c c e s s i v e  m a g n i f i c a t i o n s  
i n d i c a t e  a  s t r u c t u r e  w h i c h  i s  s e l f  s i m i l a r .  I t  s h o u l d  b e  
n o t e d  f r o m  T a b l e  5 1 t h a t  t h e  o r b i t a l  d i m e n s i o n s  o f  t h e  
p e r i o d  1 2 0 ' s  i s  g r e a t e r  t h a n  D . A s  t h e  o r b i t a l  p e r i o d i c i t y  
i n c r e a s e s  t h e r e  i s  c o n v e r g e n c e  t o w a r d s  Dl a n d  f o r  p e r i o d  
4 0 0 ,  D « 1 . 2 8 .
orbit
Table 5.1.
T h e  o r b i t a l  d i m e n s i o n  a n d  L y a p u n o v  e x p o n e n t s  o f  t h e  
u n s t a b l e  p e r i o d  o r b i t s  i n  F i g .  5 . 7  ( b )  f o r  t h e  p a r a m e t e r
A = 3 . 7 4 5 7 1
P e r i o d X l X2 D o r b i t
8 0 . 0 2 1 2 9 0 . 0 2 1 2 5 2
16 0 . 0 4 1 4 2 - 0 . 0 1 7 0 8 2
1 20 0 0 1 9 7 6 - 0 . 0 4 0 6 8 1 . 4 8 6
1 2 0 0 . 0 1 9 1 2 - 0 . 0 3 6 1 8 1 . 5 2 8
T h e  u n s t a b l e  a n d  s t a b l e  m a n i f o l d s  o f  t h e  p e r i o d  16  
o r b i t  i s  s h o w n  m  F i g .  5 . 7  ( a ) .  T h e  s t a b l e  m a n i f o l d
c o n s i s t s  o f  11 d i s c o n n e c t e d  p i e c e s  w h i c h  b o u n d  t h e  
a t t r a c t o r .  A l l  i t e r a t i o n s  i n s i d e  t h i s  s t a b l e  m a n i f o l d  
t e r m i n a t e  o n  t h e  a t t r a c t o r .  T h e  a t t r a c t o r  a p p e a r s  t o  b e  t h e  
c l o s u r e  o f  t h a t  p a r t  o f  t h e  u n s t a b l e  m a n i f o l d  w h i c h  i s
94






F I G .  5 . 7 .  ( a )  A  d i s s i p a t i v e  a t t r a c t o r  f o r  A = 3 . 7 4 5 7 2 .  T h e
m a n i f o l d s  o f  t h e  p e r i o d  16  o r b i t  a r e  a l s o  s h o w n ,  ( b )  T h e  
a t t r a c t o r  f o r  A = 3 . 7 4 5 7 1 .  T h e  s y m b o l s  i d e n t i f y  t h e  f o l l o w i n g  
o r b i t s ,  t r i a n g l e  p e r i o d  8 ,  a s t e r i s k s  p e r i o d  1 6 ,  p l u s e s  
p e r i o d  1 2 0  a n d  d i a m o n d s  p e r i o d  1 2 0 .
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b o u n d e d  b y  t h e  s t a b l e  m a n i f o l d  s e g m e n t s  a s  i l l u s t r a t e d .  
T h i s  m a n i f o l d  w a s  o b t a i n e d  b y  p l o t t i n g  a  s e t  o f  i n i t i a l  
p o i n t s  t h a t  p a s s  t h r o u g h  t h e  p e r i o d  1 6  o r b i t ,  e x i t i n g  v i a  
t h e  u n s t a b l e  m a n i f o l d  A t  t h e  r e s o l u t i o n  u s e d  t h e  s t a b l e  
m a n i f o l d  c o n s i s t s  o f  11 p i e c e s ;  h i g h e r  r e s o l u t i o n  c o u l d  
r e s u l t  i n  m o r e  t h a n  11 p i e c e s .
T h e  p e r i o d  1 6  o r b i t  c o l l i d e s  w i t h  t h e  a t t r a c t o r  a s  A  
i s  r e d u c e d  b e l o w  a  c r i t i c a l  v a l u e  A =  3 . 7 4 5 7 0 9 9 4 7 0 . . . .
C
F i g u r e  5 . 8  s h o w s  Y v e r s u s  i  f o r  t h r e e  d i f f e r e n t  v a l u e s  o f  
A .  I n  F i g .  5 . 8  ( a )  A i s  g r e a t e r  t h a n  A , w h i l e  F i g s  5 . 8  ( b )
C
a n d  ( c )  s h o w  r e s u l t s  f o r  s u c c e s s i v e l y  s m a l l e r  A v a l u e s  
b e l o w  A . I t  i s  e v i d e n t  f r o m  t h i s  d i a g r a m  t h a t  t h e  t i m e
C
b e t w e e n  b u r s t s  i s  s e e n  t o  d e c r e a s e  w i t h  i n c r e a s i n g  A - A .
C
F i g u r e  5 9 ( a )  s h o w s  t h e  n o n - d i s s i p a t i v e  c h a o t i c
a t t r a c t o r  a f t e r  t h e  i n t e r m i t t e n c y  f o r  A = 3 . 7 4 5 < A c - T h e  
d i a m o n d s  s h o w n  m  t h i s  f i g u r e  i n d i c a t e  t h e  p o s i t i o n  o f  t h e  
d i s s i p a t i v e  a t t r a c t o r  a t  A = 3 . 7 4 5 7 1 .  T h e  a r e a  o c c u p i e d  b y  
t h e  d i s s i p a t i v e  a t t r a c t o r  i s  l e s s  t h a n  0 . 3 %  o f  t h a t  
o c c u p i e d  b y  t h e  n o n - d i s s i p a t i v e  a t t r a c t o r .  T h i s  a t t r a c t o r  
a t  A = 3 . 7 4 5  h a s  m a i n l y  r e p e l l i n g  p e r i o d i c  o r b i t s  a n d  t h e  
a s s o c i a t e d  L y a p u n o v  e x p o n e n t s  a r e  A i = 0 . 2 6  a n d  A2= 0 . 0 6 .  
B e c a u s e  A^ + A . ^ 0  t h e  L y a p u n o v  d i m e n s i o n  Dl = 2  f r o m  E q .  ( 2 . 8 )  
w h i l e  t h e  c o r r e l a t i o n  d i m e n s i o n  c o m p u t e d  f r o m  4 0 0 0 0  p o i n t s  
i s  D2= 1 . 5 5 ± 0  0 5 .  T h i s  t y p e  o f  c h a o t i c  b e h a v i o u r  w i t h  t w o  
p o s i t i v e  L y a p u n o v  e x p o n e n t s  h a s  a l s o  b e e n  o b s e r v e d  i n  
c o u p l e d  l o g i s t i c  m a p s  ( H o g g  a n d  H u b e r m a n ,  1 9 8 4 )  a n d  i n  a  
t w o  d i m e n s i o n a l  d i s c r e t e  m ap  ( K i t a n o  e t  a l . ,  1 9 8 4 ) .
T h e  r e s u l t  o f  a n  e x p e r i m e n t  t o  d e t e r m i n e  t h e  c r i t i c a l  
e x p o n e n t ,  7 , i s  s h o w n  i n  F i g .  5 . 9  ( b )  . T h e  c a l c u l a t i o n  o f  
t h e  a v e r a g e  l i f e t i m e ,  r ,  f r o m  t h e  d a t a  o f  t h e  n u m e r i c a l  
e x p e r i m e n t  w a s  d o n e  a s  f o l l o w s .  T h e  i n i t i a t i o n  o f  a  b u r s t  
i s  v i a  t h e  u n s t a b l e  m a n i f o l d  o f  t h e  p e r i o d  1 6  o r b i t  a n d  b y  
c h o o s i n g  a  s u i t a b l e  r e g i o n  o n  t h e  u n s t a b l e  m a n i f o l d  o f  t h e  
p e r i o d  1 6  o r b i t ,  i t  i s  p o s s i b l e  t o  d e t e c t  s u c h  a n  b u r s t .  B y  
p l a c i n g  a  b o x  a r o u n d  o n e  o f  t h e  p e r i o d  e i g h t  c h a o t i c  
a t t r a c t o r s  i t  i s  p o s s i b l e  t o  d e t e c t  t h e  t e r m i n a t i o n  o f  a  
b u r s t .  H e n c e ,  t h e  a c c u r a t e  c o m p u t e r  d e t e r m i n a t i o n  o f  z  f o r
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Fig. 5.8. T i m e  s e r i e s  Y v e r s u s  i  f o r  ( a )  A = 3 . 7 4 5 7 1  
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Fig. 5.9. ( a )  T h e  n o n - d i s s i p a t i v e  a t t r a c t o r  a t  A = 3 . 7 4 5
<A  . T h e  d i a m o n d s  l o c a t e  t h e  p o s i t i o n  o f  t h e  d i s s i p a t i v e
C
a t t r a c t o r  s i m i l a r  t o  t h e  o n e  a t  A = 3 . 7 4 5 7 1 .  ( b )  L o g  x  v s
10
L o g iQ ( A  - A ) . T h e  c o m p u t e d  v a l u e  i s  y = 0 . 7 8 ± . 0 2 .
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a n  a r b i t r a r i l y  l o n g  o r b i t  i s  f a c i l i t a t e d .  T h e  r e s u l t ,  f r o m  
F i g .  5 . 9  ( b ) ,  f o r  t h e  c r i t i c a l  e x p o n e n t  i s  y = 0 . 7 8 ± 0 . 0 2 .
T h e  a t t r a c t o r  b e f o r e  t h e  c r i s i s  i s  t h e  c l o s u r e  o f  t h e  
u n s t a b l e  m a n i f o l d  o f  t h e  u n s t a b l e  p e r i o d i c  o r b i t s  o n  t h e  
a t t r a c t o r .  D e t a i l s  o f  t h e  p o s s i b l e  c o l l i s i o n s  a r e ,  a  
h o m o c l i n i c  t a n g e n c y  ( i n v o l v i n g  t h e  s t a b l e  a n d  u n s t a b l e  
m a n i f o l d  o f  t h e  p e r i o d  16  o r b i t )  o r  a  h e t e r o c l i n i c  t a n g e n c y  
( i n v o l v i n g  t h e  s t a b l e  m a n i f o l d  o f  t h e  p e r i o d  1 6  o r b i t  w i t h  
a n  u n s t a b l e  m a n i f o l d  o f  a n  o r b i t  o n  t h e  a t t r a c t o r ) .  T h e  
u n s t a b l e  m a n i f o l d s  o n  t h e  a t t r a c t o r  h a v e  o r b i t s  o f  p e r i o d  
1 6 ,  1 2 0 ,  1 28  e t c . .  A h o m o c l i n i c  t a n g e n c y  i s  r u l e d  o u t
b e c a u s e  t h e  p e r i o d  16  o r b i t  h a s  p o s i t i v e  d i v e r g e n c e .  
A c c o r d i n g  t o  G r e b o g i  e t  a l . ( 1 9 8 7 )  f o r  a  h e t e r o c l i n i c
t a n g e n c y ,  w h e r e  t h e  o r b i t  t h a t  c o l l i d e s  w i t h  t h e  a t t r a c t o r  
a l s o  b o u n d s  t h e  a t t r a c t o r ,  t h e  s e c o n d  o r b i t  i n v o l v e d  m u s t  
b e  o f  t h e  s a m e  p e r i o d .  C l e a r l y  t h e  t h e o r y  d o e s  n o t  c o v e r  
t h i s  c a s e ,  s i n c e  t h e r e  i s  o n l y  o n e  p e r i o d  1 6  o r b i t .  I t  i s  
n o t  p o s s i b l e  t o  i s o l a t e  t h e  c o n t r i b u t i o n  o f  e a c h  o r b i t s  
u n s t a b l e  m a n i f o l d  f r o m  t h e  a t t r a c t o r .  H e n c e ,  t h e  g l o b a l  
e i g e n v a l u e s  a r e  u s e d  i n  E q .  ( 5 . 3 )  f o r  a  h e t e r o c l i n i c  
t a n g e n c y ,  t h e  e x p o n e n t  i s  y = 0 . 8 2  w h i c h  i s  i n  c l o s e  
a g r e e m e n t  t o  t h e  c o m p u t e d  v a l u e .  T h e r e f o r e  a  h e t e r o c l i n i c  
t y p e  t a n g e n c y  i s  c o n c l u d e d  t o  b e  r e s p o n s i b l e  f o r  t h e  
c r i s i s .
5 .4 .2  In te rm it te n c y  Be tw een  a  L ine A t t r a c t o r  and  a  
N o n -D is s ip a t iv e  A t t r a c t o r .
I n  t h i s  s e c t i o n ,  i n t e r m i t t e n c y  b e t w e e n  a  l i n e  
a t t r a c t o r  a n d  a  s u r f a c e  a t t r a c t o r  i s  a n a l y z e d .  A t  A = 3 . 5 7 2  
i n  E q .  ( 5 . 1 7 )  t h e r e  i s  a  l i n e  a t t r a c t o r  ( a t  « 4 4 °  i n  t h e  
X - Y  p l a n e )  w i t h  L y a p u n o v  e x p o n e n t s  A ^ O . 0 4 9 9  a n d  A2= - 0 . 2 0 2 7  
a n d  d i m e n s i o n  D ^ = 1 . 2 4 6 .  T h e r e  i s  a  s t e a d y  i n c r e a s e  i n  t h i s  
d i m e n s i o n  a s  A i n c r e a s e s .  A t  A = 3 . 5 8 1  t h e  L y a p u n o v  e x p o n e n t s  
a r e  A = 0 . 1 0 1  a n d  A = - 0 . 0 5 5  w i t h  d i m e n s i o n  D = 2 .  C o r r e l a t i o n
1 2  L
d i m e n s i o n  s t u d i e s  g i v e  D2= 0 . 9 1 ± 0 . 0 1  f o r  a l l  l i n e  a t t r a c t o r s  
f o r  A e ( 3 . 5 7 2 ,  3 . 5 8 1  ) ,  s e e  T a b l e  5 . 2 .  T h i s  d i m e n s i o n  i s
c o n s i s t e n t  w i t h  w h a t  i s  e x p e c t e d  f o r  a  o n e  d i m e n s i o n a l
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c h a o t i c  a t t r a c t o r .  W hen  t h e  g e o m e t r i c a l  p r o p e r t i e s  o f  t h e  
a t t r a c t o r  a r e  t a k e n  i n t o  a c c o u n t  DL= ^ • T h i s  e x a m p l e  
i l l u s t r a t e s  t h e  c a u t i o n  w h i c h  i s  n e e d e d  w h e n  u s i n g  t h e  
K a p l a n  Y o r k e  c o n j e c t u r e
T h r e e  t i m e  s e r i e s  a r e  s h o w n  m  F i g .  5 . 1 0  f o r  t h r e e  
v a l u e s  o f  t h e  p a r a m e t e r  A ( s u c c e s s i v e  Y a r e  j o i n e d  b y  
s t r a i g h t  l i n e s ) ,  a f t e r  a  r o t a t i o n  t h r o u g h  » - 4 4 °  s o  t h a t
t h e  l i n e  a t t r a c t o r  i s  p a r a l l e l  t o  t h e  X a x i s .  N o t e  t h e
c h a n g e  m  s c a l e  b e t w e e n  F i g .  5 . 1 0  ( b )  a n d  ( c ) .  T h e  c r i t i c a l  
v a l u e  f o r  t h e  m t e r m i t t e n c y  w a s  A  = 3 . 5 8 1 8 3 3 6 4 1  ............. a n d
C
n u m e r i c a l  c a l c u l a t i o n  o f  t h e  c r i t i c a l  e x p o n e n t  y , f o r  1 0~8 
< ( A - A  ) < 1 0 ' 2 5 g i v e s  a  y t h a t  i s  z e r o  t o  f o u r  d e c i m a l
C
p l a c e s .  T h i s  v a l u e  o f  y i n d i c a t e s  t h a t  t h e  d u r a t i o n s  o f  t h e  
b u r s t s  a r e  e x t r e m e l y  s h o r t .  S h o w n  i n  F i g .  5 . 1 1  ( a ) ,  f o r
A = 3  5 8 2  >A , i s  o n e  p i e c e  o f  a  c h a o t i c  p e r i o d  f o u r  l i n e
C
a t t r a c t o r .  O r b i t s  o f  p e r i o d  4 ,  8 , a n d  1 6  a r e  l o c a t e d  o n
t h i s  l i n e  a n d  a l l  h a v e  o n e  p o s i t i v e  a n d  o n e  n e g a t i v e  
L y a p u n o v  e x p o n e n t  F o r  t h e  r a n g e  A = 3 . 5 7 2  t o  A c t h e  n e g a t i v e  
L y a p u n o v  e x p o n e n t  d e c r e a s e s  m  v a l u e  f r o m  - 0 . 2 0 2 7  t o  
- 0 . 0 5 5 ,  m a k i n g  t h e  l i n e  a t t r a c t o r  l e s s  a t t r a c t i n g .  T h e  b a n d  
o f  p e r i o d  1 2  a n d  2 4  o r b i t s ,  w i t h  t w o  p o s i t i v e  L y a p u n o v  
e x p o n e n t s ,  s h o w n  i n  t h i s  p l o t ,  b l o c k  a  t r a j e c t o r y  f r o m  
v i s i t i n g  t h e  c o m p l e t e  a t t r a c t o r  s h o w n  m  F i g .  5 . 1 1  ( b )
r e s u l t i n g  i n  t h e  y b e i n g  a p p r o x i m a t e l y  z e r o  a s  s t a t e d  
e a r l i e r .  F o r  t h i s  p a r t i c u l a r  c a s e  t h e  o r b i t  t h a t  c a u s e s  t h e  
m t e r m i t t e n c y  h a s  n o t  b e e n  i d e n t i f i e d .
F o r  A = 3  6 t h e r e  i s  a  s u r f a c e  a t t r a c t o r  w i t h  t w o
p o s i t i v e  e x p o n e n t s  ( s i m i l a r  t o  F i g .  5 . 1 1  ( b )  a t  A = 3 . 5 8 3 ) .
A c c o r d i n g  t o  t h e  K a p l a n  Y o r k e  c o n j e c t u r e  Dl  i s  u n d e f i n e d  
( E q .  ( 2 . 7 ) )  w h i l e  E q .  ( 2 . 8 )  g i v e s  t h e  m a x im u m  v a l u e  o f  
Dl = 2 .  A s  g i v e n  m  T a b l e  5 . 2 ,  t h e  c o r r e l a t i o n  d i m e n s i o n  i s  
D2= 1 . 5 5 .  T o  v a l i d a t e  t h a t  D l = 2  i t  w o u l d  b e  n e c e s s a r y  t o  
s h o w  t h a t  t h e  f o l l o w i n g  i n e q u a l i t y  i s  t r u e  D0- D • T h e  
r e s u l t s  f o r  a  o f  c a l c u l a t i o n  o f  Dq w i l l  b e  g i v e n  m  t h e  
n e x t  s e c t i o n
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Fig. 5.10. T i m e  s e r i e s  Y^ v e r s u s  i  f o r  U s h i k i  m ap  n e a r  
t h e  m t e r m i t t e n c y ,  ( a )  A = 3 . 5 8 1  <A , ( b )  A = 3 . 5 8 2  >A , ( c )
A = 3 . 5 8 3  >A
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Fig. 5.11. P h a s e s  s p a c e  p l o t s  f o r  ( a )  A=3.582 >A , O r b i t s
C
o f  p e r i o d  4, 8, a n d  16 a r e  l o c a t e d  o n  t h e  l i n e ,  o t h e r




C o m p a r i s o n  o f  t h e  c o r r e l a t i o n  d i m e n s i o n ,  D2 , a n d  t h e  
L y a p u n o v  d i m e n s i o n s ,  Dl , f o r  l i n e  a n d  s u r f a c e  a t t r a c t o r s .  
D2 w a s  c o m p u t e d  u s i n g  4 0 0 0 0  p o i n t s ,  t h e  s t a t i s t i c a l  
v a r i a t i o n  i n  t h e  s l o p e  i s  ± 0 . 0 1 .
A D 2 D L T y p e  o f  C h a o s
3 . 5 7 2 0 . 9 1 1 . 2 4 6 l i n e
3 . 5 7 5 0 . 9 1 2 l i n e
3 . 5 8 1 0 . 9 1 2 l i n e
3 . 6 0 0 1 . 5 5 2 s u r f a c e
5 .4 .3  Attr a c t o r  M erging , In te r m itte n c y  and  Ev o lu t io n
I n i t i a l l y  a t  A = 3 . 6 3 5 3 1  1 i n  E q .  ( 5 . 1 7 )  t h e r e  i s  a  7 2  
p i e c e  c h a o t i c  a t t r a c t o r .  T w o  o f  t h e s e  7 2  p i e c e s  a r e  s h o w n  
i n  F i g .  5 . 1 2  ( a )  w i t h  t h e  d i m e n s i o n  D = 1 . 2 1 .  I t  i s  a p p a r e n t  
t h a t  t h e  p i e c e s  a r e  r e l a t e d  g e o m e t r i c a l l y .  A l s o  l o c a t e d  o n  
t h i s  f i g u r e  i s  t h e  f u n d a m e n t a l  o r b i t  o f  p e r i o d  7 2 ,  w i t h  
o r b i t a l  d i m e n s i o n  D = 1 . 3 4 7 .  T h e  o t h e r  o r b i t  s h o w n  i s  o f
o r b i t
p e r i o d  3 6 ,  w i t h  D = 1 . 4 5 .  A s  A  i s  i n c r e a s e d  t h e  t w o
o r b i t
p i e c e s  o f  t h e  a t t r a c t o r  s h o w n  c o n v e r g e  t o w a r d s  t h e  p e r i o d  
36  o r b i t  a n d  f o r  A > 3 . 6 3 5 3 1 1 4 3 . . .  t h e  7 2  p i e c e  a t t r a c t o r  
h a s  b e e n  r e d u c e d  t o  a  3 6  p i e c e  a t t r a c t o r .  T h i s  s h o u l d  b e  
c o m p a r e d  w i t h  t h e  H e n o n  m a p ,  w h e r e  a  t w o  p i e c e  a t t r a c t o r  
m e r g e s  t o  f o r m  a  o n e  p i e c e  a t t r a c t o r  ( S e c .  5 . 3 . 1 ) .  A t  t h e  
c r i t i c a l  v a l u e  A = 3 . 6 3 5 3 1 8 5 9 4 . .  e a c h  o f  3 6  a t t r a c t o r s
C
s i m u l t a n e o u s l y  e x p e r i e n c e  a  c o l l i s i o n  w i t h  t h e  s t a b l e
m a n i f o l d  o f  a  p e r i o d  3 6  o r b i t .  T h i s  o r b i t  h a s  L y a p u n o v
e x p o n e n t s  A = 0 . 0 3 7 1  a n d  A = - 0 . 0 3 0 8 .  T h e  m a n i f o l d  o f  t h e  1 2
o r b i t  t h a t  c o l l i d e s  w i t h  t h e  a t t r a c t o r  i s  s h o w n  i n  F i g .  
5 . 1 2  ( b )  a n d  i n  t h i s  c a s e  t h e  s t a b l e  m a n i f o l d  d o e s  n o t
b o u n d  t h e  a t t r a c t o r .  A t  t h e  i n t e r m i t t e n t  c r i s i s  a  
t r a j e c t o r y  c r o s s e s  o v e r  f r o m  o n e  s i d e  o f  t h e  s t a b l e  












F I G .  5 . 1 2 .  ( a )  T h e  a t t r a c t o r  f o r  A = 3 . 6 3 5 3 1  1 <A . T h e
C
s y m b o l s  i d e n t i f y  t h e  f o l l o w i n g  o r b i t s ,  a s t e r i s k  p e r i o d  7 2 ,  
c r o s s e s  p e r i o d  3 6 .  ( b )  T h e  a t t r a c t o r  f o r  T h e
d i r e c t i o n s  o f  t h e  u n s t a b l e  a n d  s t a b l e  m a n i f o l d s  o f  t h e  
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F I G .  5 . 1 3 .  ( a )  T h e  a t t r a c t o r  f o r  A = 3 . 6 3 5 3 1  4 <A .
C
A s t e r i s k s  p e r i o d  3 6  a n d  c r o s s e s  p e r i o d  3 6 .  ( b )  T h e  12  p i e c e  
a t t r a c t o r  f o r  A = 3 . 6 3 5 3 4  >A , o n e  p i e c e  s h o w n .
C
1 0 5
A< A . A p e r i o d  3 6  o r b i t  t h a t  c o l l i d e s  w i t h  t h e  a t t r a c t o r  i s
C
a l s o  s h o w n  w i t h  a n  o r b i t  o f  t h e  s a m e  p e r i o d  o n  t h e  
a t t r a c t o r .  T h i s  d i s s i p a t i v e  a t t r a c t o r  h a s  L y a p u n o v  
e x p o n e n t s  ^ = 0 . 0 1 5 1  a n d  A2= - 0 . 0 3 0 2  a n d  d i m e n s i o n  Dl = 1 . 5 0 .  
F o l l o w i n g  t h e  c r i s i s  t h e r e  i s  a  1 2  p i e c e  a t t r a c t o r ,  a s
i l l u s t r a t e d  i n  F i g .  5 . 1 3  ( b )  w h e r e  o n e  o f  t h e  1 2  p i e c e s  i s
s h o w n .  O r b i t a l  d i m e n s i o n s  g i v e  DL= 2  f o r  t h i s  a t t r a c t o r .  
T h i s  i s  s u b s t a n t i a t e d  b y  t h e  a b s e n c e  o f  s t r u c t u r e .  T h e  
d i m e n s i o n  i s  p l o t t e d  a g a i n s t  t h e  p a r a m e t e r  A i n  F i g .  
5 . 1 4  ( a )  f o r  t h e  r e g i o n  o f  i n t e r e s t .  A s  i n d i c a t e d  i n  t h i s  
d i a g r a m  t h e r e  i s  a  s h a r p  i n c r e a s e  i n  d i m e n s i o n  f o r  A > A  .
C
F o r  c o m p a r i s o n  p u r p o s e s  D2 a n d  Dl  a r e  g i v e n  i n  T a b l e  5 . 3  
f o r  f o u r  v a l u e s  o f  A .
T h e  c a l c u l a t i o n  o f  t h e  a v e r a g e  l i f e t i m e  t  f r o m  a  
n u m e r i c a l  e x p e r i m e n t  i s  s h o w n  i n  F i g .  5 . 1 4  ( b ) .  T h e
c o m p u t e d  c r i t i c a l  e x p o n e n t  i s  r = 0 . 7 8 ± . 0 1 .  F o r  e a c h  v a l u e  o f  
A ,  r  w a s  c o m p u t e d  u s i n g  t h e  t e c h n i q u e  d e s c r i b e d  i n  S e c .  
5 . 4 . 1 .  T h e  o r b i t  t h a t  c o l l i d e s  w i t h  t h e  a t t r a c t o r  p r o d u c e s  
a  r e s u l t  i n  c l e a r  d i s a g r e e m e n t  w i t h  t h e  a b o v e  y  w h e n  i t s  
e i g e n v a l u e s  a r e  i n s e r t e d  i n  E q .  ( 5 . 6 )  f o r  a  h o m o c l i n i c  
t a n g e n c y .  H e n c e  t h i s  l e a d s  t o  t h e  p o s s i b i l i t y  o f  a  
h e t e r o c l i n i c  t a n g e n c y  w i t h  t h e  p e r i o d  3 6  o r b i t  o n  t h e  
a t t r a c t o r  w i t h  L y a p u n o v  e x p o n e n t s  ¡ ^ = 0 . 0 1 5 9  a n d  A2= - 0 . 0 3 0 7  
a n d  d i m e n s i o n  Dl = 1 . 5 2 .  I n s e r t i n g  t h e s e  e x p o n e n t s  i n t o  E q .  
( 5 . 3 )  g i v e s  y = 1 . 0 2 ,  s i g n i f i c a n t l y  g r e a t e r  t h a n  t h e  
n u m e r i c a l  v a l u e .  T h i s  t h e o r e t i c a l  v a l u e  a s s u m e s  t h a t  t h e  
b u r s t s  a r e  o f  a  l o n g e r  d u r a t i o n  t h a n  t h o s e  m e a s u r e d  
n u m e r i c a l l y .  T h i s  o r b i t ' s  u n s t a b l e  m a n i f o l d  h a s  n o t  b e e n  
i d e n t i f i e d  t o  b e  i n v o l v e d  i n  t h e  c r i s i s .  I t  i s  i n t e r e s t i n g  
t o  n o t e  t h a t  t h e  g l o b a l  e i g e n v a l u e s  g i v e  ^ = 1 . 0 0 .
A c a l c u l a t i o n  o f  D , D a n d  D i s  g i v e n  i n  T a b l e  5 . 32 l  o
f o r  f o u r  v a l u e s  o f  A .  A t t e m p t s  w e r e  m a d e  t o  c a l c u l a t e  D 
f r o m  t h e  g e n e r a l i z e d  c o r r e l a t i o n  i n t e g r a l  E q .  ( 2 . 4 2 ) .  F o r  
t h e  f i r s t  t w o  v a l u e s  o f  A i n  T a b l e  5 . 3  i t  h a s  b e e n  v e r i f i e d  
t h a t  D2 < D^< Dq . D e s p i t e  u s i n g  e x t r e m e l y  l o n g  t i m e  s e r i e s
( 4 * 1 0 5 d a t a  p o i n t s ) ,  c o n c l u s i v e  r e s u l t s  w e r e  n o t  o b t a i n e d




-7 .0  -5 .5  -4 .0
l ° g i o ( A - A c )
FIG. 5.14. (a) Lyapunov dimension D versus A. (b) Log z
L 10
vs Log (A-A ). The computed value is y=0.78±.01.
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t o  p r o v e  t h a t  D £ D , w h e n  D « 2 d u e  t o  t h e  l a r g e  e r r o r  i n
o L L
Dq . T h i s  i s  o n e  o f  t h e  d i f f i c u l t i e s  e n c o u n t e r e d  w h e n  t r y i n g
t o  d e t e r m i n e  t h e  D s p e c t r u m .q
T a b l e  5 . 3
C o m p a r i s o n  o f  c o r r e l a t i o n  d i m e n s i o n  D , L y a p u n o v  d i m e n s i o n
D a n d  H a u s d o r f f  d i m e n s i o n  D f o r  d i f f e r e n t  t y p e s  o f  
l  o
c h a o t i c  a t t r a c t o r s .  D w a s  c o m p u t e d  f r o m  1 5 0 0 0  d a t a  p o i n t s ,  
s a m p l i n g  a t  t h e  p e r i o d  o f  t h e  a t t r a c t o r .
A D 2 D L D0 T y p e  o f  C h a o s
3 . 6 3 5 3 1 1 1 . 1 1 5 ± 0  0 0 3 1 . 2 4 1 . 2 8 ± 0 . 0 3 7 2  p i e c e
3 . 6 3 5 3 1 5 1 . 3 5 ± 0 . 02 1 . 40 1 . 4 3 ± 0 . 0 3 3 6  p i e c e
3 . 6 3 5 3 3 0 1 . 4 1 ± 0  02 1 . 9 6 1 2  p i e c e
3 . 6 3 5 3 4 0 1 . 5 5 + 0  05 2 1 2  p i e c e
5.5 WARWICK MAP
2 2C h a o s  i n  t h e  t w o  d i m e n s i o n a l  m a p p i n g  W :IR ------» (R g i v e n  b y
X = ( 2 X 2 + 2 Y 2 -  A ) X  - 0 . 5 ( X 2 -  Y 2 )
1+1 1 l t i i
Y = ( 2 X 2 + 2Y 2 -  A ) Y  + X Y
1+1 i i i i i
( 5 . 2 0 )
w h i c h  i n v o l v e s  t h e  a d j u s t a b l e  p a r a m e t e r  A > i s  c o n s i d e r e d  
( S t e w a r t ,  1 9 8 9 ) .  T h e  e v o l u t i o n  o f  c h a o t i c  b e h a v i o u r  a n d  
i n t e r m i t t e n c y  a r e  e x a m i n e d  a s  t h e  p a r a m e t e r  A i s  i n c r e a s e d .  
T a b l e  5 . 4  s u m m a r i z e d  t h e  b e h a v i o u r  o f  t h e  u n s t a b l e  p e r i o d i c  
o r b i t s  a s  t h e  p a r a m e t e r  A  i s  i n c r e a s e d  a n d  t h e  g l o b a l  
L y a p u n o v  e x p o n e n t s ,  t o g e t h e r  w i t h  Dl  a n d
5.5.1 I n t e r m i t t e n c y  B e tw e e n  T w o  D i s s i p a t i v e  A t t r a c t o r s
I n i t i a l l y  t h e r e  i s  a  9 0  p i e c e  c h a o t i c  a t t r a c t o r  a t  
A=1 8 9 3 2  w i t h  a  L y a p u n o v  d i m e n s i o n  Dl = 1 . 1 .  T h e  f u n d a m e n t a l  
o r b i t  o n  t h i s  a t t r a c t o r  i s  o f  p e r i o d  9 0  a n d  a l l  s u c c e s s i v e  
o r b i t s  a r e  a  m u l t i p l e  o f  t h i s .  E a c h  o f  t h e s e  9 0  p i e c e s  i s  
v i s i t e d  p e r i o d i c a l l y  a n d  t h e y  h a v e  t h e  s a m e  s y m m e t r y .  I t  i s  
a  f r a c t a l  a t t r a c t o r  w i t h  a n  u n s t a b l e  a n d  a  s t a b l e  m a n i f o l d
1 0 8
XFIG. 5.15. T h e  a t t r a c t o r s  f o r  A = A C - ( a ) F i v e  o f  t h e  
n i n e t y  p i e c e s .  A s t e r i s k s  a n d  c r o s s e s  a r e  o f  p e r i o d  9 0 .  ( b )  
T h e  m a n i f o l d s  o f  t h e  p e r i o d  90 o r b i t s .
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T h r o u g h  a n  i n t e r m i t t e n t  c r i s i s  f o r  A  > A =
C
1 . 8 9 3 2 0 5 6 0 5 . . .  t h e  n u m b e r  o f  p i e c e s  a r e  r e d u c e d  f r o m  9 0  t o  
18  a s  i l l u s t r a t e d  i n  F i g .  5 . 1 5  ( a )  f o r  A = A  . T h e
C
i n t e r m i t t e n c y  h a s  r e s u l t e d  f r o m  t h e  c o l l i s i o n  o f  a  p e r i o d
9 0  u n s t a b l e  p e r i o d i c  o r b i t  w i t h  t h e  9 0  p i e c e  c h a o t i c
a t t r a c t o r .  A l s o  l o c a t e d  o n  t h i s  p l o t  a r e  t w o  o r b i t s  o f
p e r i o d  9 0 ,  a s t e r i s k s  d e n o t i n g  t h e  o r b i t  o n  t h e  a t t r a c t o r ,
c r o s s e s  d e n o t i n g  t h e  o r b i t  t h a t  c o l l i d e s  w i t h  t h e
a t t r a c t o r .  O n e  o f  t h e  9 0  p i e c e s  i s  s h o w n  m  F i g .  5 . 1 5  ( b )
t o g e t h e r  w i t h  t h e  p o s i t i o n s  o f  t h e  m a n i f o l d s  o f  b o t h  p e r i o d
9 0  o r b i t s .  T h e  i n t e r m i t t e n t  c r i s i s  o c c u r s  w h e n  a  t r a j e c t o r y
c r o s s e s  t h e  s t a b l e  m a n i f o l d  o f  t h e  p e r i o d  9 0  o r b i t  s h o o t i n g
o u t  a l o n g  t h e  u n s t a b l e  m a n i f o l d .  T h i s  i s  d e f i n e d  a s  a
h e t e r o c l m i c  t a n g e n c y .  T h e  L y a p u n o v  e x p o n e n t s  o f  t h e  p e r i o d
9 0  o r b i t s  o n  t h e  a t t r a c t o r  a r e  X = 0 . 0 1 1 9  a n d  X = - 0 . 0 6 5 5 ,1 2
with one positive and one negative Lyapunov exponent
( T a b l e  5 . 4 )  w h i c h  w h e n  s u b s t i t u t e d  i n t o  E q .  
v a l u e  o f  7 = 0 . 6 8 2 .
( 5 . 3 )  g i v e s  a
-7 .2 -4 .5
l o g i o iA - A c )
- 1.8
F I G .  5 . 1 6 .  L o g  T  v s  L o g  ( A - A  )1^0 ^10 c
7=0.049±0.005.
T h e  s l o p e  i s
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T h e  r e s u l t  o f  a  n u m e r i c a l  e x p e r i m e n t  t o  d e t e r m i n e  y  i s  
s h o w n  i n  F i g  5 . 1 6 .  F o r  1 0  8 < ( A - A  ) < 1 0 ”4 5 t h e  c o m p u t e d
C
c r i t i c a l  e x p o n e n t  i s  j=0  0 4 9 + 0 . 0 0 5 .  S i g n i f i c a n t l y  l e s s  t h e n  
t h e  m i n i m u m  o f  1 / 2  f o r  b o t h  t y p e s  o f  c r i s i s .  I n  t h i s  c a s e s  
t h e  a t t r a c t o r  b e f o r e  a n d  a f t e r  t h e  i n t e r m i t t e n c y  i s  
d i s s i p a t i v e  T h e  r e a s o n  f o r  t h e  s m a l l  v a l u e s  o f  k i s  
a p p a r e n t  f r o m  F i g .  5 . 1 6 ,  o n c e  a n  i n t e r m i t t e n t  b u r s t  h a s  
s t a r t e d  i t  i s  q u i c k l y  t e r m i n a t e d  b y  c o l l i d i n g  w i t h  a n o t h e r  
p i e c e  o f  t h e  a t t r a c t o r .  T h i s  n e w  t y p e  o f  i n t e r m i t t e n c y  o n l y  
t a k e s  p l a c e  f o r  a n  a t t r a c t o r  w i t h  m o r e  t h a n  o n e  p i e c e  a n d  
i s  d u e  t o  t h e  d i r e c t i o n  o f  t h e  u n s t a b l e  m a n i f o l d s .  A  s e c o n d  
e x a m p l e  o f  t h i s  t y p e  o f  i n t e r m i t t e n c y  w i l l  b e  i l l u s t r a t e d  
i n  S e c .  5 . 6 . 2  b e t w e e n  a  d i s s i p a t i v e  a n d  a  n o n - d i s s i p a t i v e  
a t t r a c t o r .
5 5 2 Ev o lu t io n
O f  s p e c i f i c  i n t e r e s t  h e r e  i s  t h e  e v o l u t i o n  o f  t h e  
c h a o t i c  a t t r a c t o r s  o f  E q .  ( 5 . 2 0 )  f o r  t h e  p a r a m e t e r  v a l u e  A  
m  t h e  r a n g e  A=1  8 9 3 2 - 1 . 8 9 6 5  T h e  c h a o t i c  d e v e l o p m e n t  we  
s h a l l  c o n s i d e r  h e r e  i n v o l v e s  t h e  t r a n s i t i o n  f r o m  a  s t r a n g e  
a t t r a c t o r ,  w i t h  a  o n e  d i m e n s i o n a l  u n s t a b l e  a n d  s t a b l e  
m a n i f o l d ,  t o  a n  a t t r a c t o r  w i t h  a  t w o  d i m e n s i o n a l  u n s t a b l e  
m a n i f o l d  We f i r s t  e x a m i n e  t h e  L y a p u n o v  e x p o n e n t s ,  t h e
c o r r e s p o n d i n g  L y a p u n o v  d i m e n s i o n  a n d  t h e  c o r r e l a t i o n  
d i m e n s i o n  f o r  d i f f e r e n t  v a l u e s  o f  t h e  p a r a m e t e r  A .  M o r e  
s p e c i f i c  i n f o r m a t i o n  a b o u t  t h e  c h a o t i c  a t t r a c t o r  c a n  b e  
o b t a i n e d  b y  e x a m i n i n g  t h e  u n s t a b l e  p e r i o d i c  o r b i t s  ( s e e  
T a b l e  5 . 4 )
F i v e  p i e c e s  o f  a  p e r i o d  9 0  c h a o t i c  a t t r a c t o r  a r e  s h o w n  
m  F i g .  5 . 1 7  ( a ) .  A P e r i o d  9 0  o r b i t  i s  l o c a t e d  o n  t h e
a t t r a c t o r .  O t h e r  o r b i t s  s h o w n  a r e  o f  p e r i o d  1 8  a n d  3 6 .  F o r  
A g r e a t e r  t h a n  A t h e r e  i s  a n o t h e r  c o e x i s t i n g  a t t r a c t o r
C
w i t h  i t s  o w n  b a s i n  o f  a t t r a c t i o n .  T h e s e  t w o  c o e x i s t i n g
a t t r a c t o r s  m e r g e  t o g e t h e r  t o  f o r m  t h e  a t t r a c t o r  i n  F i g .  
5 . 1 7  ( b )  a t  A = 1 . 8 9 3 8 .  O r b i t s  o f  p e r i o d  18  a n d  3 6  a r e
l o c a t e d  o n  t h i s  a t t r a c t o r  w h i c h  h a s  a  d i m e n s i o n  Dl = 1 . 3 6 .  I t  
s h o u l d  b e  n o t e d  f r o m  T a b l e  5 . 4  t h a t  o n e  o f  t h e  p e r i o d  18  
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F I G .  5 . 1 8 .  T h e  a t t r a c t o r s  f o r  ( a )  A = 1 . 8 9 5 5 ,  ( b )  A = 1 . 8 9 6 5
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T a b l e  5 . 4
S u m m a r y  o f  p e r i o d i c  o r b i t s  s t a b i l i t y  f o r  a  r a n g e  o f  v a l u e s  o f  A
A P e r i o d A 1 A 2 D o r b i t D 2
1 . 8 9 3 2 90 0 . 0 1 1 9 - 0 . 0 6 5 5 1 . 1 8 2
9 0 0 . 0 1 5 8 - 0 . 0 6 8 9 1 . 2 2 9
00 0 . 0 0 6 5 - 0 . 0 5 9 6 1 . 1 0 9 1 . 0 6
1 . 8 9 3 8 1 8 0 0 4 3 4 - 0  0 5 8 7 1 . 7 3 9
18 0 . 0 4 3 5 - 0 . 0 5 9 1 1 . 7 3 5
18 0 . 0 5 2 7 - 0 . 0 4 7 6 2
36 0 0 4 3 3 - 0 . 0 4 9 8 1 . 868
36 0 0 4 3 4 - 0  0 5 0 1 1 . 8 6 7
00 0 0 2 8 6 - 0  0 7 3 2 1 . 3 9 1 1 . 3 6
1 . 8 9 5 5 18 0 . 0 6 1 3 - 0 . 0 3 3 4 2
18 0 . 0 6 1 3 - 0 . 0 3 3 6 2
*
18 0 . 0 6 5 4 - 0 . 0 0 1 7 2
36 0 0 6 3 0 - 0 . 0 0 7 1 2
36 0 0 6 2 9 - 0 . 0 0 7 1 2
03 0 0 4 4 6 - 0 . 0 3 7 5 2 1 . 5 5
1 . 8 9 6 5 18 0 0 6 9 5 - 0 . 0 2 1 3 2
18 0 0 6 9 4 - 0 . 0 2 0 7 2
18 0 0 7 5 0 - 0  0 4 3 7 2
18 0 0 7 3 6 0 . 0 1 5 2 2
18 0 1 0 7 7 0 . 0 1 7 2 2
36 0 1 0 7 6 - 0 . 0 1 8 0 2
36 0 0 7 1 9 0 . 0 0 4 7 2
36 0 0 7 7 5 0 . 0 0 0 4 2
36 0 0 7 1 8 0 . 0 0 4 1 2
36 0 .  0 8 6 4 - 0 . 0 4 7 1 2
36 0 0 8 6 3 - 0 . 0 4 7 1 2
36 0 . 0 7 7 8 0 . 0 0 0 3 2
00 0 . 0 6 0 8 - 0 . 0 3 3 1 2 «2
1 . 9 5 0 0 CO 0 . 2 7 4 6 0 . 0 9 3 3 2 ~2
1 1 4
I n  F i g .  5 1 8  ( a )  t h e  a t t r a c t o r  i s  s h o w n  f o r  t h e
p a r a m e t e r  v a l u e  A = 1 . 8 9 5 5 .  O r b i t s  o f  p e r i o d  3 6  n o t  
p r e v i o u s l y  p r e s e n t  e x i s t  o u t s i d e  t h e  a t t r a c t o r .  T h e  p e r i o d  
18  o r b i t  c e a s e s  t o  b e  o n  t h e  a t t r a c t o r  i n  F i g .  18  ( a )  d u e  
t o  t h e  d e c r e a s e  i n  t h e  m a g n i t u d e  o f  t h e  L y a p u n o v  e x p o n e n t  
( d e n o t e d  b y  a  *  i n  T a b l e  5 . 4 ) .  T h e  g l o b a l  s t r u c t u r e  o f  
t h e  a t t r a c t o r  h a s  i n c r e a s e d  i n  c o m p l e x i t y .  T h e  L y a p u n o v  
d i m e n s i o n  o f  t h i s  a t t r a c t o r  i s  D l =2 w h i l e  t h e  c o r r e l a t i o n
d i m e n s i o n  i s  D = 1 . 5 5 .
2
A t  A=1  8 9 6 5  i n  ( b )  t h e  a t t r a c t o r  h a s  e x p a n d e d  t o
i n c l u d e  t h o s e  o r b i t s  o n  t h e  f r i n g e s .  A g r a d u a l  m e r g i n g  o f
t h e  18  p i e c e s  i n t o  6 p i e c e s  h a s  t a k e n  p l a c e  a n d  t h e r e  i s  n o
s t r u c t u r e  m  t h i s  a t t r a c t o r  d u e  t o  t h e  f a c t  t h a t  A. +A >01 2
w i t h  t h e  d y n a m i c s  t a k i n g  p l a c e  o n  a  s u r f a c e .  F i g u r e s  5 . 1 7
t o  5 . 1 8  h a v e  s h o w n  t h e  g r a d u a l  e v o l u t i o n  o f  s t r u c t u r e  f o r
t h e  p a r a m e t e r  r a n g e  A = 1 . 8 9 3 3  t o  1 8 9 6 5 .  T h e  d i m e n s i o n s  Dl
a n d  D h a v e  b o t h  i n c r e a s e d  f r o m  1 t o  t h e  m a x im u m  v a l u e  2 .  2
A t  A = 1 . 9 5  t h e r e  i s  a n  o n e  p i e c e  a t t r a c t o r  w h i c h  o c c u r s  
t h r o u g h  a  p r o c e s s  o f  m e r g i n g .
5.6 DISPPREY MAP
T w o  m o r e  i n t e r m i t t e n t  e x a m p l e s  w i l l  b e  p r e s e n t e d .  T h e  
f i r s t  i s  a n  e x a m p l e  o f  a  t r a n s i t i o n  f r o m  a  s t a b l e  p e r i o d i c  
a t t r a c t o r  t o  a  c h a o t i c  o n e .  T h i s  i s  t h e  t y p e  o f  
i n t e r m i t t e n c y  c o n s i d e r e d  b y  P o m e a u  a n d  M a n n e v i l l e  ( 1 9 8 0 ) .  
T h e  s e c o n d  e x a m p l e  s u b s t a n t i a t e s  t h e  r e s u l t  o b t a i n e d  i n  
S e c .  5 . 5 . 1  f o r  t h e  v a l u e  o f  t h e  c r i t i c a l  e x p o n e n t  7 « 1 / 2 ,  
w i t h  7 = 1 / 2  b e i n g  t h e  m i n i m u m  f o r  b o t h  t h e  h o m o c l i n i c  a n d  
h e t e r o c l i n i c  t a n g e n c y  d i s c u s s e d  i n  S e c .  5 . 2 .  T h e  f o l l o w i n g  
m ap  i s  c h o s e n  ( M a y n a r d  S m i t h  1 9 8 6 ) ,  a n d  i s  r e f e r r e d  t o  a s  
t h e  d i s p p r e y  map
X = A X (1 - X  ) -  X Y 
1+1 1 1  1 1  ( 5 . 2 1  )
Y = X Y / B
i+i i i
A s  t h e  p a r a m e t e r s  a r e  v a r i e d  m  E q .  ( 5 . 2 1 )  t h e  s o l u t i o n s  
u n d e r g o  a  r e m a r k a b l e  s e q u e n c e  o f  b i f u r c a t i o n s ,  r a n g i n g  f r o m
1 1 5
s i m p l e  t o  h i g h l y  c o m p l e x  c h a o t i c  a t t r a c t o r s .  B i s  f i x e d  a t
0 . 3 1  .
5 .6 .1  T ype  2  In te r m itte n c y
T h e  i n t e r m i t t e n t  t r a n s i t i o n  f r o m  a  p e r i o d i c  t o  a  
c h a o t i c  a t t r a c t o r  i s  c l a s s i f i e d  i n t o  t h r e e  t y p e s .  T y p e  1 
o c c u r s  w h e n  a  e i g e n v a l u e  c r o s s e s  a  u n i t  c i r c l e  a t  ( + 1 ) ;  
t y p e  2 :  c o m p l e x  c r o s s i n g ,  a n d  t y p e  3 ;  c r o s s i n g  a t  ( - 1 ) .
T y p e  1 i s  a  s a d d l e  n o d e  b i f u r c a t i o n ,  t y p e  2 a  H o p f  
b i f u r c a t i o n  a n d  t y p e  3 a n  i n v e r t e d  p e r i o d - d o u b l i n g  
b i f u r c a t i o n .  A t  A = 3 . 5 7  t h e r e  i s  a  s t a b l e  p e r i o d i c  a t t r a c t o r  
o f  p e r i o d  6 2  w i t h  t w o  n e g a t i v e  L y a p u n o v  e x p o n e n t s .  
I n t e r m i t t e n t  b u r s t i n g  c o n s i s t i n g  o f  l a m i n a r  a n d  c h a o t i c  
r e g i o n s  o c c u r s  a s  A i s  i n c r e a s e d  t h r o u g h  t h e  c r i t i c a l  v a l u e  
A = 3 . 5 7 0 1 9 7 8 6 1 6 . . .  T h e  c h a o t i c  a t t r a c t o r  a n d  t h e  p e r i o d i c
C
a t t r a c t o r  a r e  s h o w n  i n  F i g .  5 . 1 9  ( a )  f o r  A > A . A
C
n u m e r i c a l  c a l c u l a t i o n  o f  t h e  c r i t i c a l  e x p o n e n t ,  7 , i s  s h o w n  
i n  ( b ) .  T h e  e s t i m a t e d  7 = 0 2 0 6 ± 0 . 0 0 3 .  A n  e x a m i n a t i o n  o f  
t h e  L y a p u n o v  e x p o n e n t s  o f  „ t h e  p e r i o d  6 2  o r b i t  a t  A
C
i n d i c a t e s  t h a t  t h e  e x p o n e n t s  a r e  c o m p l e x  c o n j u g a t e s .  
A l t h o u g h  t h i s  i n t e r m i t t e n c y  h a s  b e e n  c l a s s i f i e d  a s  t y p e  2 ,  
t h i s  i s  t h e  f i r s t  o b s e r v a t i o n  o f  i n t e r m i t t e n c y  b e t w e e n  a  
p e r i o d i c  a n d  a  n o n  d i s s i p a t i v e  s u r f a c e  a t t r a c t o r .  A  
t h e o r e t i c a l  v e r i f i c a t i o n  o f  t h e  n u m e r i c a l  e x p o n e n t ,  7 , 
i s  r e q u i r e d .
5 .6  2  In te rm it te n c y  Be tw een  a  D is s ip a t iv e  and  a  
N o n -D is s ip a t iv e  A t t r a c t o r .
S h o w n  i n  F i g .  5 2 0  ( a )  i s  o n e  p i e c e  o f  a  15  p i e c e
c h a o t i c  a t t r a c t o r  f o r  A = 3 . 7 4 0 9 2 1 0 0 8 . . .  E a c h  p i e c e  i s  
v i s i t e d  s e q u e n t i a l l y .  A s  A i s  r e d u c e d  t h e  c r i t i c a l  v a l u e  
f o r  i n t e r m i t t e n c y  i s  A c= 3 . 7 4 0 9 2 1 0 0 6 . . .  F i g u r e  5 . 2 0  ( b )
s h o w s  t h e  c h a o t i c  a t t r a c t o r  a f t e r  c r i s i s  f o r  A = 3 . 7 4  <A .
C
T h i s  i s  a  n o n  d i s s i p a t i v e  a t t r a c t o r  w i t h  d i m e n s i o n  D = 2 .
L
B e f o r e  t h e  c r i s i s  t h e  L y a p u n o v  e x p o n e n t s  a r e  A ^ O . 0 3 2  a n d  
A = - 0 . 0 6 4 ,  w i t h  d i m e n s i o n  D = 1 . 5 .  I t  i s  i n t e r e s t i n g  t o  n o t e2 L










F i g .  5 . 1 9 .  ( a )  A t t r a c t o r  f o r  t h e  D i s p p r e y  m ap  a t  A = 3 . 5 7 5
>A . A l s o  l o c a t e d  o n  t h i s  p l o t  i s  a  p e r i o d  6 2  o r b i t ,  ( b )
c
L o g iQT  v s  L o g i o ( A - A  ) .  T h e  c o m p u t e d  v a l u e  i s  y = 0 . 2 0 6 ± 0 . 0 0 3 .
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IF i g .  5 . 2 0 .  ( a )  P i e c e  o f  p e r i o d  15  a t t r a c t o r  f o r  t h e
D i s p p r e y  m ap  a t  A = 3 . 7 4 0 9 2 1  0 0 8  >A . ( b )  A t t r a c t o r  a f t e r
C
c r i s i s ,  A = 3 . 7 4  <A
C
118
d i s s i p a t i v e  w i t h  e x p o n e n t s  ¡ ^  = 0 . 0 4 5  a n d  A2= - 0 . 0 3 7  ( c o m p a r e  
w i t h  W a r w i c k  m a p ,  t a b l e  5 . 4  a t  A = 1 . 8 9 5 5 ) .  C o n s e c u t i v e  
o r b i t s  o n  t h e  a t t r a c t o r  h a v e  p e r i o d s  t h a t  a r e  m u l t i p l e s  o f  
1 5 ,  w i t h  D l < 2 .  T h e  p e r i o d  15  o r b i t  t h a t  c o l l i d e s  w i t h  t h e  
a t t r a c t o r  i s  a l s o  s h o w n  i n  ( a ) ,  w i t h  i t s  s t a b l e  a n d  
u n s t a b l e  m a n i f o l d s .  T h i s  o r b i t  h a s  L y a p u n o v  e x p o n e n t s  
X = 0 . 0 7 3  a n d  X = - 0 . 1 6 3  w i t h  D = 1 . 4 5 .  T h e  s t a b l e  m a n i f o l d  o f1 2  i
t h i s  o r b i t  b o u n d  t h e  a t t r a c t o r .  I n t e r m i t t e n t  b u r s t i n g  
o c c u r s  w h e n  a n  t r a j e c t o r y  c r o s s e s  t h e  s t a b l e  m a n i f o l d  
s h o o t i n g  o u t  a l o n g  t h e  u n s t a b l e  m a n i f o l d .  T h i s  i s  d e s c r i b e d  
a s  a  h e t e r o c l i n i c  t a n g e n c y .  A n u m e r i c a l  c a l c u l a t i o n  o f  t h e  
c r i t i c a l  e x p o n e n t  g i v e s  y = 0 . 0 0 0 7 ± 0 . 0 0 0 2  f o r  1 0 " 8 < 
l o g iQ ( A c- A )  < 1 0~3’ 5 . T h i s  m a g n i t u d e  o f  y i n d i c a t e s  s h o r t  
t r a n s i t i o n s  t o  t h e  n o n  d i s s i p a t i v e  a t t r a c t o r .  U p o n  s h o o t i n g  
o u t  a l o n g  t h e  u n s t a b l e  m a n i f o l d  t h e  t r a j e c t o r y  q u i c k l y  
c o l l i d e s  w i t h  a n o t h e r  p i e c e  o f  t h e  p e r i o d  15  c h a o t i c  
a t t r a c t o r .  I n  t h i s  e x a m p l e  a  h e t e r o c l i n i c  t a n g e n c y  h a s  b e e n  
i d e n t i f i e d ,  a  p e r i o d  15  o r b i t ' s  s t a b l e  m a n i f o l d  b o u n d s  t h e  
a t t r a c t o r  a n d  a n o t h e r  o r b i t s  o f  p e r i o d  15  o n  t h e  a t t r a c t o r  
i s  n o n - d i s s i p a t i v e . T h e  e i g e n v a l u e s  o f  t h e  a t t r a c t o r  g i v e  
y=1 . 0 ,  f o r  a  h e t e r o c l i n i c  t a n g e n c y  ( E q .  ( 5 . 3 ) ) ,  i n  t o t a l  
d i s a g r e e m e n t  w i t h  t h e  n u m e r i c a l  y .  A s  A i s  i n c r e a s e d  p a s t  
3 . 7 4 1  i n t e r m i t t e n t  b u r s t i n g  a l s o  o c c u r s .  S m a l l  p a r a m e t e r  
w i n d o w s  e x i s t ,  c o n s i s t i n g  o f  p e r i o d i c  a n d  c h a o t i c  
a t t r a c t o r s  o f  d i f f e r e n t  s t r u c t u r e .  T h i s  h a s  p r e v e n t e d  t h e  
c a l c u l a t i o n  o f  t h e  c r i t i c a l  v a l u e  A  a n d  h e n c e ,  a
C
c o m p a r i s o n  o f  t h e  n u m e r i c a l  e x p o n e n t  y w i t h  t h e  t h e o r e t i c a l
5.7 UNSTABLE PERIODIC ORBITS AND THE SYMBOLIC DYNAMICS
I n  t h e  c a s e  o f  t h e  b a k e r  m ap  t h e  e x t r a c t i o n  o f  t h e  
p e r i o d i c  o r b i t s  a n d  t h e  i d e n t i f i c a t i o n  o f  e a c h  o r b i t  b y  a  
u n i q u e  s y m b o l i c  n a m e  w a s  a  u s e f u l  m e t h o d  f o r  t h e  
c h a r a c t e r i z a t i o n  o f  t h e  t o p o l o g y  o f  t h e  a t t r a c t o r .  I n  t h i s  
f r a m e w o r k  e a c h  p e r i o d i c  o r b i t  Xp , p=1,...,n o f  period n is 
i d e n t i f i e d  b y  a  s y m b o l  n a m e  S , p = 1 , . . . , n ,  w h e r e  f o r  t h e
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b a k e r  m ap  S c a n  t a k e  o n  t w o  s y m b o l i c  v a l u e s  s u c h  a s  0 a n d
p
1 . T h i s  i s  u s u a l l y  d o n e  b y  d i v i d i n g  t h e  p h a s e  s p a c e  i n t o  
t w o  o r  m o r e  r e g i o n s  a n d  g i v i n g  e a c h  o n e  o f  t h e m  a  s y m b o l i c  
n a m e
T w o  m e t h o d s  h a v e  b e e n  p r o p o s e d  f o r  p a r t i t i o n i n g  t h e  
a t t r a c t o r .  G r a s s b e r g e r  a n d  K a n t z  ( 1 9 8 5 )  s t u d i e d  t h e  H e n o n  
m ap  a n d  c o n s t r u c t e d  t h e  p a r t i t i o n  b y  f i r s t  c a l c u l a t i n g  a  
s e t  o f  p o i n t s  o f  h o m o c l i n i c  t a n g e n c i e s  ( b e t w e e n  s t a b l e  a n d  
u n s t a b l e  m a n i f o l d s ) ,  t h e n  c h o o s i n g  a  s u b s e t  o f  t h e m  a s  
p r i m a r y  t a n g e n c i e s  a n d  c o n n e c t i n g  t h e m  w i t h  a  l i n e .  F o r  t h e  
p a r a m e t e r  v a l u e s  t h e y  s t u d i e d ,  t h i s  l i n e  p r o v i d e s  a  g o o d  
p a r t i t i o n  i n  t h e  s e n s e  t h a t ,  e a c h  p e r i o d i c  o r b i t  h a s  a  
u n i q u e  s y m b o l i c  s e q u e n c e .
I n  t h e  m e t h o d  o f  B i h a m  a n d  W e n z e l  ( 1 9 8 9 )  t h e  s y m b o l i c  
s e q u e n c e  i s  c h o s e n  a n d  t h e  a s s o c i a t e d  p e r i o d i c  o r b i t  i s  
t h e n  c a l c u l a t e d .  T h u s ,  t h e  c o n s t r u c t i o n  o f  t h e  p a r t i t i o n  i s  
a n  i n t e g r a l  p a r t  o f  t h e  p r o c e s s .  T h e y  p r o c e e d  a s  f o l l o w s .  
F o r  t h e  H e n o n  m ap  E q  ( 5 . 8 )
F  ( X )  = - X  +1 - a X 2 + b X  ( 5 . 2 2 )i i+i i i-i
A s y s t e m  o f  c o u p l e d  d i f f e r e n t i a l  e q u a t i o n s  i s  a s s u m e d  
dX
Tn r 1 = S F ( X )  i  = 1 , . . . n  , ( 5 . 2 3 )UL X 1
w i t h  p e r i o d i c  b o u n d a r y  c o n d i t i o n s  X ( t ) = X  ( t )  F o r  t h e
n + l 1
H e n o n  m ap  S =±1 . I f  F = 0  t h e n  X i s  a n  o r b i t  o f  t h e  H e n o n1 1 i
m a p .  T h u s ,  p e r i o d i c  o r b i t s  o f  t h e  H e n o n  m ap  c o r r e s p o n d  t o  
s t a t i o n a r y  s o l u t i o n s  o f  ( 5  2 3 )  G r a s s b e r g e r  a n d  K a n t z  
( 1 9 8 9 )  d i s c u s s  s o m e  o f  t h e  l i m i t a t i o n s  o f  t h e  a b o v e  
t e c h n i q u e .
W hen  t h i s  t e c h n i q u e  i s  a p p l i e d  t o  t h e  t h r e e  
d i m e n s i o n a l  H e n o n  m ap  E q .  ( 5  1 6 ) ,  t h e  p a r t i t i o n  i s  a  t w o  
d i m e n s i o n a l  m a n i f o l d  i n  a  t h r e e  d i m e n s i o n a l  p h a s e  s p a c e  a n d  
t h u s  h a r d  t o  c o n s t r u c t  a n d  v i s u a l i z e .  P r i m a r y  t a n g e n c i e s  
c o u l d  n o t  b e  u s e d  t o  c o n s t r u c t  a  p a r t i t i o n  f o r  t h e  f o u r  
p i e c e  c h a o t i c  a t t r a c t o r  s h o w n  i n  F i g .  5 . 6  ( a )  w i t h  A = 1 . 2
a n d  B = 0 . 1 7
I n  t h e  H e n o n  m a p  t h e  n u m b e r  o f  p e r i o d i c  o r b i t s  o f  
p e r i o d  n  i s  l e s s  t h a n  2 n . T h e  a b o v e  t e c h n i q u e  c a n  b e
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m o d i f i e d  t o  c a l c u l a t e  o r b i t s  i n  a  s y s t e m  w h e r e  t h e  t o t a l  
n u m b e r  i s  ^  4 n . C o n s i d e r  t h e  U s h i k i  m a p  E q .  ( 5 . 1 9 )  f o u r  
s y m b o l s  a r e  r e q u i r e d  t o  r e p r e s e n t  t h e  d y n a m i c s  s a y  0 , 1 , 2 , 3 .  
E a c h  o f  t h e  f o u r  f i x e d  p o i n t s  a r e  r e p r e s e n t e d  b y  o n e  o f  
t h e s e  s y m b o l s .  T h e  c o u p l e d  d i f f e r e n t i a l  e q u a t i o n s  a r e  g i v e n  
a s  f o l l o w s ;
-5-r-1 = S [ —X + ( A - X  -  B Y  ) X ]d t  i l +i  i i l l
d X 1
d Y
1 = T  [ - Y ,  + ( A  -  Y -  B X ) Y ]
at i 1+1 i 2 i i
( 5 . 2 4 )
f o r  i  = 1 , .  , n  w i t h  b o u n d a r y  c o n d i t i o n s  X^+i ( t  ) =X j  ( t ) a n d  
Y ( t ) = Y  ( t )  T w o  d i f f e r e n t i a l  e q u a t i o n s  h a v e  t o  b e  u s e d .
n+1 1 ^
T h e  c o e f f i c i e n t s  S a n d  T  a r e  b o t h  ±1 . F o r  e x a m p l e  t o1 1
c a l c u l a t e  S a n d  T  f o r  a  p a r t i c u l a r  o r b i t s  o f  p e r i o d  4 ,  o f  1 1
w h i c h  t h e r e  i s  a  p o s s i b l e  2 5 6 ,  a  s y m b o l i c  s e q u e n c e  i s  
c h o s e n  s a y  3 2 3 1  m  b i n a r y  f o r m  t h i s  i s  1 1 1 0 1 1 0 1 .  C o n v e r t i n g  
t h e  0 ' s  t o  - 1  ' s  t h e  S ' s  a n d  T  ' s  a r e  g i v e n  b yi i
( S , T , S , T , S , T , S , T )  = ( 1 , 1 , 1 , - 1 , 1 , 1 , - 1 , 1 ) .  T h e  a b o v e1 1 2 2 3 3 4 4 t  i  t
c a l c u l a t i o n s  w e r e  i m p l e m e n t e d  f o r  t h e  a t t r a c t o r  a t  A = 3 . 6  
( s i m i l a r  t o  F i g .  5 11 ( b ) )  T h e  a t t r a c t o r  i s  p a r t i t i o n e d
i n t o  f o u r  r e g i o n s  T h e  p a r t i t i o n  i s  u n i q u e  i n  t h e  s e n s e
t h a t  e a c h  o r b i t  h a s  a  u n i q u e  s y m b o l i c  s e q u e n c e .  I t  s h o u l d  
b e  n o t e d  t h a t  f o r  t h i s  p a r t i c u l a r  a t t r a c t o r  h o m o c l i n i c
t a n g e n c i e s  c a n  n o t  b e  c a l c u l a t e d .
5 8 CONCLUSION
In summary intermittent crisis, d u e  t o  a heteroclinic 
t a n g e n c y  h a s  b e e n  i n v e s t i g a t e d .  T h i s  t y p e  o f  c r i s i s  o c c u r s  
w h e n  t h e  s t a b l e  m a n i f o l d  o f  a n  u n s t a b l e  p e r i o d i c  o r b i t  
c o l l i d e s  w i t h  t h e  c h a o t i c  a t t r a c t o r .  T w o  t y p e s  o f  
h e t e r o c l m i c  c r i s e s  h a v e  b e e n  o b s e r v e d  b y  e x a m i n i n g  t h e  
s t a t i s t i c a l  b e h a v i o u r  n e a r  e a c h  c r i s i s  p o i n t .  F o r  t h e  f i r s t  
t y p e  t h e  o b s e r v e d  b e h a v i o u r  a g r e e s  w i t h  a  t h e o r e t i c a l  m o d e l  
b a s e d  o n  t h e  s t a b i l i t y  o f  a n  u n s t a b l e  p e r i o d i c  o r b i t ,  
d e s p i t e  t h e  f a c t  t h a t  o n e  o f  t h e  a t t r a c t o r s  i s  a  
n o n - d i s s i p a t i v e  s u r f a c e  a t t r a c t o r .  T h e  s e c o n d  t y p e  o f  
c r i s i s  p r o d u c e s  a  n u m e r i c a l  y  l e s s  t h a n  t h e  t h e o r e t i c a l  y .
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C r i s e s  h a v e  b e e n  a n a l y z e d  w h e r e  t h e  n u m e r i c a l  y  i s  
s i g n i f i c a n t l y  l e s s  t h a n  t h e  m i n i m u m  t h e o r e t i c a l  v a l u e  o f  
y = 1 / 2  f o r  b o t h  a  h o m o c l m i c  a n d  h e t e r o c l m i c  t a n g e n c y .  T h i s  
t y p e  o f  c r i s i s  o n l y  o c c u r s  f o r  m u l t i p l e  p i e c e  a t t r a c t o r s  
r e g a r d l e s s  o f  w h e t h e r  t h e  a t t r a c t o r  i s  d i s s i p a t i v e  o r  
n o n - d i s s i p a t i v e  T h e  p l a c i n g  o f  t h e  c o l l i d i n g  o r b i t ' s  
u n s t a b l e  m a n i f o l d  i n  r e l a t i o n  t o  t h e  p i e c e s  o f  t h e  
a t t r a c t o r  h a s  a  p r o f o u n d  e f f e c t  o n  t h e  c r i t i c a l  e x p o n e n t  k . 
F u r t h e r  s t u d y  i s  n e e d e d  i n  o r d e r  t o  o b t a i n  a  t h e o r e t i c a l  
u n d e r s t a n d i n g  o f  t h i s  p a r t i c u l a r  c r i s i s .  T h i s  t y p e  o f  
c r i s i s  i s  l i k e l y  t o  b e  e n c o u n t e r e d  i n  e x p e r i m e n t a l  
s i m u l a t i o n s  s i m i l a r  t o  t h e  c o u p l e d  n o n l i n e a r  o s c i l l a t o r s  o f  
B u s k i r k  a n d  J e f f r i e s  ( 1 9 8 5 )
A l t h o u g h  t h e  t h e o r y  o f  G r e b o g i  e t  a l . ( 1 9 8 7 )  h a s  b e e n
c o n f i r m e d  t o  a p p l y  f o r  s o m e  c r i s e s  i n  n o n - d i s s i p a t i v e  
s y s t e m s  t h e  f o l l o w i n g  i n c o n s i s t e n c i e s  h a v e  b e e n  f o u n d  
( 1 ) c l e a r  e v i d e n c e  h a s  b e e n  o b t a i n e d  t o  s h o w  t h a t  f o r  a  
h e t e r o c l m i c  t a n g e n c y  p e r i o d i c  o r b i t ' s  ( B )  a n d  ( C )  
n e e d  n o t  b e  o f  e q u a l  p e r i o d ,  e v e n  w h e n  t h e  s t a b l e  
m a n i f o l d  o f  p e r i o d i c  o r b i t  ( B )  b o u n d s  t h e  a t t r a c t o r  
( S e c  5 . 4 . 1 ) .
( n )  t h e  d i s t i n c t i o n  b e t w e e n  a  h e t e r o c l m i c  a n d  h o m o c l m i c  
t a n g e n c y  i s  n o t  o b v i o u s  p a r t i c u l a r l y  i n  l i g h t  o f  t h e  
e x a m p l e  i n  S e c . ' s  5 . 4 . 1 ,  5 . 4 . 3  a n d  5 . 5 . 1 .
( i n )  a l t h o u g h  a n  a t t r a c t o r  m a y  b e  d i s s i p a t i v e  t h e  
i n d i v i d u a l  o r b i t s  o n  t h e  a t t r a c t o r  n e e d  n o t  b e  
d i s s i p a t i v e  a s  i n  t h e  e x a m p l e s  o f  S e c . ' s  5 . 5 . 2  a n d
5 . 6  2 ,  t h i s  h a s  o b v i o u s  l i m i t a t i o n  f o r  a  h e t e r o c l m i c  
t a n g e n c y .
( i v ) t h e  u n s t a b l e  m a n i f o l d s  o f  t h e  i n d i v i d u a l  o r b i t s  o n  
t h e  a t t r a c t o r  c a n  n o t  b e  i s o l a t e d  f r o m  t h e  a t t r a c t o r .  
T h e  n o n - d i s s i p a t i v e  s u r f a c e  a t t r a c t o r s  w i t h  t w o  
p o s i t i v e  L y a p u n o v  e x p o n e n t s ,  e n c o u n t e r e d  i n  t h e s e  t w o  
d i m e n s i o n a l  m a p s  c a n  b e  t h o u g h t  o f  a s  a r i s i n g  f r o m  t h r e e  
d i m e n s i o n a l  d i s s i p a t i v e  m a p s .  D i m e n s i o n  c a l c u l a t i o n s  f o r  
t h e s e  s u r f a c e  a t t r a c t o r  a r e  c o n s i s t e n t  w i t h  t h e  f o l l o w i n g  
i n e q u a l i t y  D2sD l <Dq a n d  a t t r a c t o r s  h a v e  b e e n  f o u n d  w h e r e
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D =D = 2  w i t h  2 b e e n  t h e  m a x im u m  d i m e n s i o n  o f  a  s u r f a c e .2 L
T h i s  i s  s u b s t a n t i a t e d  b y  t h e  a b s e n c e  o f  s t r u c t u r e  i n  t h e  
a t t r a c t o r .  T h e  e v o l u t i o n  o f  c h a o s  i n  t h e s e  m a p s  i s  
c o n s i s t e n t  w i t h  t h e  a n a l y t i c  r e s u l t s  f o r  t h e  b a k e r  m ap  o f  
S e c .  4 . 2
A n u m e r i c a l  t e c h n i q u e  h a s  b e e n  e x t e n d e d  t o  c a l c u l a t e  
u n s t a b l e  p e r i o d i c  o r b i t s  f o r  a  s y s t e m  r e q u i r i n g  f o u r  
s y m b o l s  T h i s  t e c h n i q u e  h a s  b e e n  a p p l i e d  t o  t h e  U s h i k i  m a p ,  
a  g o o d  p a r t i t i o n  i s  o b t a i n e d  i n  t h e  s e n s e  t h a t  e a c h  o r b i t  
h a s  a  u n i q u e  s y m b o l i c  l a b e l
1 2 3
CHAPTER 6
POINCARE MAPPINGS OF DIFFERENTIAL EQUATIONS
6.1 INTRODUCTION
T h e  i d e a  o f  r e d u c i n g  t h e  s t u d y  o f  a  c o n t i n u o u s  t i m e  
s y s t e m  ( f l o w s )  t o  t h e  s t u d y  o f  a n  a s s o c i a t e d  d i s c r e t e  t i m e  
s y s t e m  ( m a p s )  i s  d u e  t o  P o i n c a r e  ( 1 8 9 9 )  w h o  f i r s t  u t i l i z e d  
i t  i n  h i s  s t u d i e s  o f  t h e  t h r e e  b o d y  p r o b l e m  i n  c e l e s t i a l  
m e c h a n i c s  T h e  p r o b l e m  i s  d e f i n e d  a s :  g i v e n  a  t h r e e
d i m e n s i o n a l  c h a o t i c  d i f f e r e n t i a l  s y s t e m ,  f i n d  a  t w o  
d i m e n s i o n a l  m ap  f r o m  w h i c h  i t  o r i g i n a t e s .  T h e  o b j e c t i v e  o f  
t h i s  c h a p t e r  i s  t o  e x a m i n e  t h e  c i r c u m s t a n c e s  u n d e r  w h i c h  i t  
i s  p o s s i b l e  t o  c o n s t r u c t  a  g l o b a l  m a p .  T h e  W i g g i n s  ( 1 9 9 1 )  
a p p r o a c h  i s  t h e  c o n s t r u c t i o n  o f  a  l o c a l  m ap  a b o u t  s o m e  
f i x e d  p o i n t .  B e r n u s s o u  ( 1 9 7 7 )  c o n s t r u c t s  a p p r o x i m a t e  m a p s  
f o r  n o n l i n e a r  d i f f e r e n t i a l  s y s t e m s  w i t h  p e r i o d i c  
c o e f f i c i e n t s  T h e s e  m a p s  a r e  u s e d  t o  e x a m i n e  l o c a l  
p r o p e r t i e s  O ne  a r e a  n o t  c o n s i d e r e d  i s  H a m i l t o n i a n  s y s t e m s  
w h e r e  t h e  f o r c i n g  i s  t h r o u g h  D i r a c  i m p u l s e s .  F o r  t h i s  t y p e  
o f  s y s t e m ,  m a p s  a r e  r o u t i n e l y  c o n s t r u c t e d  ( L o w e n s t e i n  
( 1 9 9 1 )  a n d  N o r m u r a  e t  a l . ( 1 9 9 2 ) ) .  T h e  c h a p t e r  i s  o r g a n i z e d  
a s  f o l l o w s ;  I n  s e c t i o n  6 . 2  t h r e e  d i m e n s i o n a l  d i f f e r e n t i a l  
s y s t e m s  a r e  i n t r o d u c e d  t o g e t h e r  w i t h  t h e i r  P o i n c a r e  r e t u r n  
m a p s  w h i c h  a r e  o b t a i n e d  n u m e r i c a l l y .  S e c t i o n  6 . 3  c o n s i d e r s  
t h e  p o s s i b i l i t y  o f  c o n s t r u c t i n g  a  P o i n c a r e  m ap  f r o m  a  
n u m e r i c a l  a n d  a n a l y t i c  s t a n d p o i n t .
6 2 DIFFERENTIAL SYSTEMS
T h e  f o l l o w i n g  s e t  o f  c o u p l e d  d i f f e r e n t i a l  e q u a t i o n s  
h a v e  b e e n  u s e d  b y  R a b i n o v i c h  a n d  F a b n k a n t  ( 1 9 7 9 )  t o  m o d e l  
a  p l a s m a .
1 2 4
d X / d t  = Y ( Z -  1 + X 2 ) + y X  
d Y / d t  = X ( 3Z  + 1 -  X 2 ) + y Y  
d Z / d t  = - 2 Z (a + X Y )
( 6 . 1  )
T h e  J a c o b i a n  d e t e r m i n e d  i s  g i v e n  a s  2 ( y - a ) .  W i t h  t h e  
p a r a m e t e r s  c h o s e n  t o  b e  y = 0 . 8 7  a n d  a = 0 . 1 1 .  T h e  p h a s e  s p a c e  
s o l u t i o n  o b t a i n e d  n u m e r i c a l l y  i s  s h o w n  i n  F i g .  6 . 1  ( a )  w i t h  
t h e  c o r r e s p o n d i n g  P o i n c a r e  s e c t i o n  i n  ( b )  . T h e  P o i n c a r e  
s e c t i o n  i s  c o n s t r u c t e d  f r o m  t h e  s e t  o f  p o i n t s  t h a t  
i n t e r s e c t  t h e  s u r f a c e  Y = - 1  w i t h  d Y / d t > 0 .  T h e  c o r r e l a t i o n





F I G .  6 . 1 .  ( a )  T h e  p h a s e  s p a c e  a t t r a c t o r  f o r  E q .
p l o t t e d  i n  t h e  X - Z  p l a n e ,  ( b )  T h e  P o i n c a r e  s e c t i o n .
( 6 . 1  )
T h e  J a p a n e s e  o s c i l l a t o r  e q u a t i o n s  a r e  d e f i n e d  a s
ax/at - y ( 6  2)
d Y / d t  = X -  X 3 -  AY  + B C o s ( t )  
w i t h  A = 0 .1 a n d  B = 1 0 .  T h i s  i s  a  p e r i o d i c a l l y  f o r c e d  
o s c i l l a t o r  w i t h  a  c u b i c  s t i f f n e s s  t e r m .  I t  i s  a n  
n o n a u t o n o m o u s  s y s t e m  i n  IR . H o w e v e r ,  t h e  a p p r o p r i a t e  p h a s e  
s p a c e  t o  u s e  i s  !R2* $  s i n c e  t h e  t h i r d  v a r i a b l e ,  t i m e  f i g u r e s  
i n t o  t h e  s y s t e m  a s  t h e  a r g u m e n t  o f  t h e  p e r i o d i c  f u n c t i o n .  
I t s  p h a s e  s p a c e  a n d  P o i n c a r e  s e c t i o n  a r e  s h o w n  i n  F i g .  6 . 2  
( a )  a n d  ( b )  r e s p e c t i v e l y .  T h e  P o i n c a r e  s e c t i o n  i s  
c o n s t r u c t e d  f r o m  t h e  s e t  o f  p o i n t s  X ( 2 n i r ) ,  d X ( 2 n r r ) / d t .  I n
125
t h e  n e x t  s e c t i o n  t h e  p o s s i b i l i t y  o f  o b t a i n i n g  a  f u n c t i o n a l  
s e t  o f  d i s c r e t e  e q u a t i o n s  f o r  t h e s e  n u m e r i c a l  P o i n c a r e  m a p s  
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F I G .  6 . 2 .  ( a )  T h e  p h a s e  s p a c e  a t t r a c t o r  f o r  E q .  ( 6 . 2 )
p l o t t e d  i n  t h e  X - d X / d t  p l a n e ,  ( b )  T h e  P o i n c a r e  s e c t i o n .
6.3 POINCARIl MAPS
T h e  c o n s t r u c t i o n  o f  a  P o i n c a r e  s e c t i o n  r e d u c e s  t h e
d i m e n s i o n  o f  t h e  s y s t e m  b y  o n e .  T h e  g o a l  i s  t o  p r o d u c e  a  
map  t h a t  c o r r e s p o n d s  t o  t h e  d i f f e r e n t i a l  s y s t e m  a s  t h e
c o n t r o l  p a r a m e t e r  i s  v a r i e d .  T h e  b e h a v i o u r  o f  t h e  s o l u t i o n  
o f  m a p s  p r e s e n t s  m o r e  v a r i e t y  t h a n  t h o s e  o f  d i f f e r e n t i a l  
e q u a t i o n s  o f  t h e  s a m e  o r d e r .  F o r  i n s t a n c e  i n  m a p s  t h e r e  i s  
t h e  c a s e  o f  a n  e i g e n v a l u e  e q u a l  t o  - 1 , w h e r e a s  t h e r e  i s  n o  
a n a l o g  o f  t h i s  i n  d i f f e r e n t i a l  s y s t e m s .  D u e  t o  s e n s i t i v e  
d e p e n d e n c e  o n  i n i t i a l  c o n d i t i o n s  t h e  c h a o t i c  s o l u t i o n s  o f  
t h e  d i s c r e t e  a n d  c o n t i n u o u s  s y s t e m s  w o u l d  d i v e r g e .  How  
r a p i d l y  t h e  t w o  s o l u t i o n s  w o u l d  d i v e r g e  w o u l d  d e p e n d  o n  t h e  
m a g n i t u d e  o f  t h e  p o s i t i v e  L y a p u n o v  e x p o n e n t s .  T w o  
a p p r o a c h e s  w i l l  b e  a d o p t e d :  ( a )  c o n s t r u c t  t h e  P o i n c a r e
s e c t i o n  f r o m  t h e  d i f f e r e n t i a l  s y s t e m  n u m e r i c a l l y  a n d  u s e  a  
c u r v e  f i t t i n g  r o u t i n e  t o  o b t a i n  t h e  e q u a t i o n s  f o r  t h e  m ap
a n d  ( b )  u s e  a n a l y t i c  m e t h o d s  t o  c o n s t r u c t  e q u a t i o n s  f r o m
t h e  d i f f e r e n t i a l  s y s t e m .  T h e  f o r m e r  m e t h o d  i s  e q u i v a l e n t  t o
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f o r e c a s t i n g  t h e  f u t u r e  o f  a  c o n t i n u o u s  s y s t e m  u s i n g  a  
d i s c r e t e  s y s t e m ,  F a r m e r  a n d  S i d o r o w i c h  ( 1 9 8 7 ) .
6 .3 .1  C o n s t r u c t i o n  o f  a  P o i n c a r e  M a p
G i v e n  a  t i m e  s e r i e s  ( X ^ Y  ) i  = 1 , N  t h e  e q u a t i o n s  a r e  
c o n s t r u c t e d  a s  f o l l o w s .  A s s u m e  k n o w l e d g e  o f  t h e  g e n e r a l  
f o r m  o f  t h e  e q u a t i o n s .  F o r  a  s e c o n d  o r d e r  p o l y n o m i a l  w o u l d  
h a v e  t h e  f o r m
a  x 2 + a  Y 2 +o£ X  Y + a  X + a  Y  + ai  i 2 1 3 l  i 4 i 5 i  6
13 X 2l  i + /3  Y 22 l + /3  X  Y' 3 i  l + /3  X1 4 i + /3  Y  +/3' 5 i  1 6
B y  r a n d o m l y  s e l e c t i n g  s i x  p o i n t s  f r o m  t h e  a t t r a c t o r
t o g e t h e r  w i t h  t h e i r  c o n s e c u t i v e  p o i n t s  t h e  a b o v e  1 2
e q u a t i o n s  c a n  b e  s o l v e d  f o r  t h e  u n k n o w n  c o e f f i c i e n t s  a n d
£  , u s i n g  a  s t a n d a r d  m a t h e m a t i c a l  r o u t i n e .  T h e  v a l i d i t y  o f  1
t h i s  c o n s t r u c t i o n  h a s  b e e n  t e s t e d  b y  a p p l y i n g  i t  t o  s o m e  
w e l l - k n o w n  d y n a m i c a l  s y s t e m s ;  T h e  H e n o n  M ap  E q .  ( 5 . 8 )  a n d  
t h e  U s h i k i  M ap  E q .  ( 5 . 1 7 )  w h i c h  a r e  s e c o n d  o r d e r  
p o l y n o m i a l s  a n d  t h e  W a r w i c k  M ap  E q .  ( 5 . 2 0 )  a  t h i r d  o r d e r  
p o l y n o m i a l .  I n  e a c h  c a s e  a l l  c o e f f i c i e n t s  h a v e  b e e n  
o b t a i n e d  t o  a  s p e c i f i e d  a c c u r a c y .  T h e  c o n s t r u c t i o n  i s  
i n d e p e n d e n t  o f  t h e  d a t a  p o i n t s  u s e d  a n d  t h e  o r d e r  o f  t h e  
p o l y n o m i a l  a b o v e  a  c r i t i c a l  v a l u e ,  p e r i o d i c  o r  c h a o t i c  d a t a  
s e t s  m a y  b e  u s e d  T h e  m a i n  l i m i t a t i o n  o f  t h i s  m e t h o d  i s  
t h a t  t h e  f o r m  o f  t h e  e q u a t i o n s  a r e  r e q u i r e d  f o r  t h e  
c o n s t r u c t i o n .  G i o n a  e t  a l  ( 1 9 9 1 )  u s e s  a  c o n s t r u c t i o n  
m e t h o d  t h a t  d o e s  n o t  n e e d  a n y  k i n d  o f  p a r a m e t e r  f i t t i n g ,  
a n d  i s  u s e d  t o  e x a m i n e  l o c a l  p r e d i c t i o n  o f  c h a o t i c  t i m e s  
s e r i e s .  B a a k e  e t  a l .  ( 1 9 9 2 )  u s e  a  b o u n d a r y - v a l u e - p r o b l e m  
a p p r o a c h  f o r  f i t t i n g  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  t o  
c h a o t i c  d a t a .  A l t h o u g h  t w e l v e  d a t a  p o i n t s  a r e  s u f f i c i e n t  
f o r  a  s e c o n d  o r d e r  p o l y n o m i a l  c o n s t r u c t i o n ,  a  l e a s t  s q u a r e  
f i t t i n g  r o u t i n e  c a n  b e  i m p l e m e n t e d  w h i c h  u s e s  a  
p r e d e t e r m i n e d  n u m b e r  o f  d a t a  p o i n t s ,  t h e  r e s u l t s  a r e  n o t  
i m p r o v e d  f o r  t h e  a b o v e  t h r e e  t e s t  s e t s .
W hen  t h e s e  m e t h o d s  a r e  a p p l i e d  t o  P o i n c a r e  s e c t i o n s  
o b t a i n e d  f r o m  E q .  (6 1 )  a n d  ( 6 . 2 )  n o  f u n c t i o n a l  m ap  i s
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o b t a i n e d .  T o  r u l e  o u t  t h e  p o s s i b i l i t y  t h a t  t h e  m ap  c a n  n o t  
b e  c o n s t r u c t e d  d u e  t o  s e n s i t i v e  d e p e n d e n c e  o n  i n i t i a l  
c o n d i t i o n s  t h e  c o n s t r u c t i o n  w a s  i m p l e m e n t e d  f o r  p e r i o d i c  
o r b i t s .  D u e  t o  t h e  d i f f i c u l t l y  i n  o b t a i n i n g  p e r i o d i c  o r b i t s  
o f  l a r g e  p e r i o d  o n l y  s e c o n d  a n d  t h i r d  o r d e r  p o l y n o m i a l s  
w e r e  u s e d .  A g a i n  n o  m ap  w a s  o b t a i n e d .  T o  e x a m i n e  t h e  
r e a s o n s  f o r  t h i s  f a i l u r e ,  a n a l y t i c  m e t h o d s  w i l l  n o w  b e  
c o n s i d e r e d
6.3.2 P o i n c a r e  M a p  o f  Q u a s i p e r i o d i c  O r b i t s
C o n s i d e r  t h e  s e c o n d  o r d e r  l i n e a r  d i f f e r e n t i a l  e q u a t i o n
+ A —  = B £  C o s  ( v T t )  ( 6 . 4 )
d 2t  d t  i = i
w i t h  p e r i o d i c  f o r c i n g .  A = 0 . 2  a n d  B = 0 . 3 .  F o r  N = 3  we  h a v e
t h r e e  i n c o m m e n s u r a b l e  f r e q u e n c i e s  ( v T / 2t t , V 2 / 2tt a n d  V 3 / 2 n )
a n d  t h e  m o t i o n  i s  o n  a  3 - t o r u s  w h i l e ,  f o r  N = 2  t h e  m o t i o n  i s
o n  a  2 - t o r u s  O u r  g o a l  h e r e  i s  t o  s t u d y  t h e  n a t u r e  o f  t h e
s o l u t i o n s  o f  E q .  ( 6 . 4 )  i n  t h e  c o n t e x t  o f  P o i n c a r e  m a p s .
R e c a l l  ( s e e  W y l i e  a n d  B a r r e t t  ( 1 9 8 2 )  ) t h a t  t h e  g e n e r a l
s o l u t i o n  o f  E q  ( 6 . 4 )  i s  t h e  s um  o f  t h e  s o l u t i o n  o f  t h e
h o m o g e n e o u s  e q u a t i o n  B = 0  a n d  a  p a r t i c u l a r  s o l u t i o n  B * 0 .
T h e  h o m o g e n e o u s  s o l u t i o n  i s  X ( t )  w i t h  c h a r a c t e r i s t i ch
e q u a t i o n
m2+ A m= 0 ( 6 . 5 )
a n d  s i n c e  t h e  r o o t s  a r e  m = 0  a n d  m = A ,  t h e  s o l u t i o n  i s1 2
X ( t )  -  C + C e _ A t  ( 6 . 6 )h 1 2
T h e  p a r t i c u l a r  s o l u t i o n  X ( t )  i s  o f  t h e  f o r m
p
N
X ( t )  = £  a C o s  (vTt) + /3 S m  (vTt) ( 6 . 7 )
p , = i  1 1
T h e  c o n s t a n t s  a n d  (3 a r e  d e t e r m i n e d  b y  s u b s t i t u t i o n  a n d  
a r e  g i v e n  b y
<x -  — , fi = -------------------------------------------- ( 6 . 8 )
( l + A  ) \ / l  ( i + A  )
A s  t —) oo, X ( t ) = C +C . We w i l l  s e t  C a n d  C t o  z e r o .h 1 2 1 2
T h e r e f o r e  t h e  p h a s e  s p a c e  s o l u t i o n  i s
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X ( t ) = £  a C o s  ( / i t )  + (3 S i n  ( v T t )
i = i 
N
Y ( t )  = Y. - a  V T  S i n  {VTt )  + Piv'T C o s  ( v T t )
(6.9)
1=1
w h e r e  Y ( t )  = d X ( t ) / d t .  T h e  P o i n c a r e  m ap  i s  c o n s t r u c t e d  f r o m  
t h e  s e t  o f  p o i n t s  ( X ( t ) , Y ( t ) )  f o r  t=2nn+<p w h e r e  n  i s  a n  
i n t e g e r ,  a n d  <j> e ( 0 , 2 n ) .  B y  v a r y i n g  <p we  c a n  s e l e c t
d i f f e r e n t  P o i n c a r e  m a p s .  F o r  (p- 0 t h e  c o - o r d i n a t e s  o f  t h e  
p o i n t s  o n  t h e  P o i n c a r e  m ap  a r e  g i v e n  b y
N
X = I  a  C o s  ( vT27rn) + i ^ S i n  ( V i 2 n n )
i = 1 (6 .1 0)
Y = £  - a  / I  S i n  ( v T 2 7 i n )  + C o s  (y/x2nn)
i =i
w h e r e  X = X ( 2 n n )  a n d  Y = Y ( 2 tzti) .  T h e  P o i n c a r e  m ap  i s  d e f i n e d
n  n
a s
X = F (  X , Y  ) a n d  Y = G (  X , Y  )
n + l n  n  n+1 n  n
(6 .1 1 )
W h a t  r e m a i n s  i s  t o  d e t e r m i n e  t h e  f u n c t i o n s  F a n d  G .  T h e  
p h a s e  s p a c e  s o l u t i o n s  f o r  N = 2  i s  s h o w n  i n  F i g .  6 . 3  ( a )  w i t h  
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Fig. 6.3. ( a )  P h a s e  s p a c e  s o l u t i o n  f o r  a  2 t o r u s  a n d  ( b )
t h e  P o i n c a r e  s e c t i o n
F o r  N = 2  t h e  P o i n c a r e  m ap  o f  t h e  q u a s i p e r i o d i c  o r b i t  i s  a n  
i n v a r i a n t  e l l i p s e  d e f i n e d  b y  t h e  f o l l o w i n g  m ap
1 2 9
n+1
X = X C o s  ( i / 8t t )  + Y S m  (v /8r r )  / v / 2
n  n
-V2  X S i n ( \ / 8iT) + Y C o s ( v / 87i )
( 6 . 1 2 )
n+1
T h i s  m ap  w a s  o b t a i n e d  b y  s u b s t i t u t i n g  E g  
( 6 . 1 1 ) .  T h e  c o n s t a n t s  
t h e y  o n l y  o f f  s e t  t h e
( 6 . 1 0 )  i n t o  E q .  
a n d  /3 h a v e  b e e n  n e g l e c t e d  s i n c e
e l l i p s e  a n d  d o  n o t  e f f e c t  t h e
d y n a m i c s .  T h e  i n i t i a l  c o n d i t i o n s  f o r  t h i s  m a p  ( X q , Y q ) a r e
r e l a t e d  t o  t h e  p a r a m e t e r  0 .  D i f f e r e n t  i n i t i a l  c o n d i t i o n s
c o r r e s p o n d  t o  d i f f e r e n t  i n v a r i a n t  e l l i p s e s .  T h e  f i x e d  p o i n t  
i s  a t  t h e  o r i g i n  w i t h  c o m p l e x  e i g e n v a l u e s  g i v e n  b y  
Cos(v'8tt) ± j S i n i v / S T r )  . A s  e x p e c t e d  t h e  m o d u l u s  o f  t h e  
e i g e n v a l u e s  a r e  o n e .
T h e  p h a s e  s p a c e  s o l u t i o n s  f o r  N = 3  i s  s h o w n  m  F i g .  6 . 4  
( a )  w i t h  t h e  c o r r e s p o n d i n g  P o i n c a r e  m ap  i n  ( b ) .  F o r  N = 3  n o  
P o i n c a r e  m ap  c a n  b e  f o r m u l a t e d  f r o m  E q .  ( 6 . 1 1 ) .
-0 .4
1.0 -0 .4
F i g .  6 . 4 .  ( a )  P h a s e  s p a c e  s o l u t i o n  f o r  a  3 t o r u s  a n d  ( b )
t h e  P o i n c a r e  s e c t i o n .
T h e  r e a s o n  f o r  t h i s  c a n  b e  e x p l a i n e d  w i t h  t h e  
f o l l o w i n g  e x a m p l e .  C o n s i d e r  t h e  L e g e n d r e ' s  d i f f e r e n t i a l  
e q u a t i o n
t X "  + ( 1 - t ) X '  + n X = 0  ( 6 . 1 3 )
w h e r e  n  i s  a  p o s i t i v e  i n t e g e r .  I t  i s  a  s e c o n d  o r d e r  
a u t o n o m o u s  s y s t e m  i n  IR3 . F o r  n = 3  t h e  p o l y n o m i a l  s o l u t i o n  i s  
g i v e n  b y
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X ( t ) =  6 - 1  8 t  + 9 1 2 - t 3 1 / t ,( 6 . 1 4 )
Y ( t ) =  - 1 8 + 1 8 t - 3 t  
w h e r e  Y ( t ) = d x / d t  A l t h o u g h  a l l  s o l u t i o n s  o f  E q .  ( 6 . 1 3 )  a r e  
i n f i n i t e  f o r  l a r g e  t ,  i s  t h e r e  a  m ap  w h i c h  d e s c r i b e s  t h i s  
a p p r o a c h  t o  i n f i n i t y .  T h e  P o i n c a r e  m ap  c o n s i s t s  o f  t h o s e  
p o i n t s  f o r  w h i c h  t  i s  a n  i n t e g e r .  I s  t h e r e  f u n c t i o n  F  a n d  G 
s u c h  t h a t
( - 4 - 3 t  + 6 t 2- t 3 ) = F { ( 6 - 1 8 t  + 9 t 2- t 3 ) , ( - 1  8 + 1 8 t - 3 t 2 ) }
( 6 . 1 5 )
( - 3  + 1 2 t - 3 t 2 ) = G { ( 6 - 1 8 t  + 9 t - t 3 ) , ( - 1  8 + 1 8 t - 3 t 2 ) }
I t  i s  o b v i o u s  f r o m  E q  (6 1 5 )  t h a t  t h e  f o r w a r d  e v o l u t i o n  o f
t h e  v a r i a b l e  X c a n  n o t  b e  d e t e r m i n e d  f r o m  p r e v i o u s  d i s c r e t e
v a l u e s  o f  X .
6.4 CONCLUSION
I n  t h i s  c h a p t e r  t h e  c o n n e c t i o n  b e t w e e n  d i f f e r e n t i a l  
a n d  d i s c r e t e  s y s t e m s  h a s  b e e n  e x a m i n e d .  I t  h a s  b e e n  s h o w n  
b y  m e a n s  o f  a n a l y t i c  a n d  n u m e r i c a l  c o n s i d e r a t i o n s  t h a t  o n l y  
m  a  l i m i t e d  n u m b e r  o f  c a s e s  i s  t h e r e  a  o n e  t o  o n e
c o r r e s p o n d e n c e .  T h e s e  i n c l u d e  s o m e  l i n e a r  s y s t e m s  a n d  t h e  
w e l l  k n o w n  c h a o t i c  d i f f e r e n t i a l  s y s t e m s  w i t h  d e l t a





A n  f i r s t  o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  c a n  b e  
w r i t t e n  i n  t h e  f o r m
= f  ( X ( t ) ) { 7 ‘ 1 )
I n  t h i s  e q u a t i o n  t h e  f u n c t i o n  f ( X ( t ) )  a n d  i t s  d e r i v a t i v e s
a r e  a l l  e v a l u a t e d  a t  t h e  s a m e  i n s t a n c e  i n  t i m e  t .  A  m o r e
g e n e r a l  t y p e  o f  d i f f e r e n t i a l  e q u a t i o n  c a n  b e  w r i t t e n  i n  t h e  
f o r m
= f  ( X ( t )  , X ( t - r ) ) ( 7 - 2 )
I n  t h i s  c a s e  t h e  p r e s e n t  r a t e  o f  c h a n g e  o f  X ( t )  d e p e n d s
u p o n  t h e  v a l u e  a t  t h e  t i m e s  t  a n d  t - x  w h e r e  x  i s  t h e  d e l a y
t i m e .  A n  i n t r o d u c t i o n  t o  l i n e a r  d e l a y e d  d i f f e r e n t i a l  
e q u a t i o n s  ( D D E ' s )  c a n  b e  f o u n d  i n  D r i v e r  ( 1 9 7 7 )  a n d  
r e f e r e n c e s  c i t e d  w i t h i n  I n  t h i s  b o o k  r e f e r e n c e s  c a n  b e  
f o u n d  f o r  D D E ' s  a p p l i e d  t o  t h e  f o l l o w i n g  p r o b l e m s :  c o n t r o l  
s y s t e m s ,  n u c l e a r  r e a c t o r s ,  n e u t r o n  s h i e l d i n g ,  t r a n s i s t o r  
c i r c u i t s ,  t r a n s m i s s i o n  l i n e s  a n d  t h e  p r o d u c t i o n  o f  r e d  
b l o o d  c e l l s .  D e l a y e d  d i f f e r e n t i a l  e q u a t i o n s  a r e  i n f i n i t e  
d i m e n s i o n a l ,  b e c a u s e  i t  i s  n e c e s s a r y  t o  s p e c i f y  a  i n f i n i t e  
n u m b e r  o f  i n i t i a l  c o n d i t i o n s  t o  c a l c u l a t e  t h e  f u n c t i o n  X ( t )  
f o r  a  t i m e  g r e a t e r  t h a n  t .
T y p i c a l  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  o f  i n t e r e s t
a r e
d X  ( t ) _ a X ( t - x )  ( 7 . 3 )
~ d t ~  ~ 1 + X ( t - x )  "  b X ( t )
a ,  b  a n d  x  a r e  c o n s t a n t s  F a r m e r  ( 1 9 8 2 ) .  T h i s  e q u a t i o n  w a s
p r o p o s e d  b y  M a c k e y  a n d  G l a s s  ( 1 9 7 7 )  t o  m o d e l  b l o o d
p r o d u c t i o n  i n  l e u k e m i a  p a t i e n t s .
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u , t i , T , X  , t , a n d  e a r e  c o n s t a n t s .  T h i s  e q u a t i o n  m o d e l s  aB
h y b r i d  o p t i c a l  d e v i c e ,  D e r s t i n e  e t  a l  ( 1 9 8 3 ) .
= f  | a - u S I N 2 [ X ( t - r ) + X B ] -  X ( t )  j  ( 7 . 5 )
A , r r , T , X  , t , a n d  u  a r e  c o n s t a n t s .  T h i s  e q u a t i o n  m o d e l s  aB
a c o u s t i c  o p t i c a l  d e v i c e ,  V a l l e e  a n d  D e l i s l e  ( 1 9 8 5 ) .
t
= X  ( t —T ) { A —0 . 01 X ( t —T ) } -  X ( t )  ( 7 . 6 )
= A S I N { X (  t - r )  } -  X ( t )  ( 7 . 7 )
A a n d  t  a r e  c o n s t a n t s ,  O l i v e r a  a n d  M a l t a  ( 1 9 8 7 ) ,  w h i c h  
a r i s e  m  b i o l o g y  t o  d e s c r i b e  t h e  i s o l a t e d  p o p u l a t i o n  o f  
D r o s o p h i l a  S t e r v a n t s  f l i e s .
T h e  f o l l o w i n g  DDE
= A X ( t - x ) 2 4 e x p (  X ( t - T ) 2 ) -  B X ( t )  ( 7 . 8 )
a n d  E q .  ( 7 . 3 )  a n d  E q  ( 7 7 )  a r e  e x a m i n e d  i n  d e t a i l  i n  t h i s  
c h a p t e r .  T h e  p r o p e r t i e s  o f  t h e  s o l u t i o n  o f  t h e  n o n l i n e a r  
t i m e - d e l a y e d  d i f f e r e n t i a l  e q u a t i o n s  a r e  i n v e s t i g a t e d  a s  a  
f u n c t i o n  o f  t w o  p a r a m e t e r s :  t h e  d e l a y  z  a n d  t h e
n o n l i n e a r i t y  A T h e  s t r u c t u r e  a n d  e v o l u t i o n  o f  t h e  
a t t r a c t o r s  w i l l  b e  e x a m i n e d  w h i l e  e m p h a s i z i n g  t h e  
c o n n e c t i o n s  w i t h  t h e  p r e v i o u s  c h a p t e r s .  T o  d a t e  t h e  m o s t  
e x t e n s i v e  n u m e r i c a l  s t u d y  o f  c h a o s  m  a  d e l a y e d  
d i f f e r e n t i a l  e q u a t i o n  h a s  b e e n  d o n e  o n  t h e  M a c k e y  G l a s s  DDE  
( c f .  E q .  ( 7 . 3 ) )  b y  F a r m e r  ( 1 9 8 2 ) .
N u m e r i c a l  i n t e g r a t i o n  w a s  c a r r i e d  o u t  w i t h  a  f o u r t h
o r d e r  R u n g e - K u t t a  m e t h o d  T h e  i n t e g r a t i o n  s t e p  i s  a  
f u n c t i o n  o f  A a n d  z .  T h e  a c c u r a c y  o f  t h e  i n t e g r a t i o n ,  f o r  
s o m e  t r i a l  c a s e s ,  w a s  t e s t e d  b y  u s i n g  s m a l l e r  i n t e g r a t i o n  
s t e p s  a n d  e x a m i n i n g  t h e  e f f e c t s  o n  t h e  L y a p u n o v  d i m e n s i o n .  
A r a n d o m  i n i t i a l  f u n c t i o n  p r o v i d e s  r a p i d  c o n v e r g e n c e  o n t o  
t h e  a t t r a c t o r ,  t h e  r e s u l t s  a r e  c o n s i s t e n t  w i t h  a  c o n s t a n t
i n i t i a l  f u n c t i o n .
7.2 EXPERIMENTAL DDE'S
I n  t h i s  s e c t i o n  w e  r e v i e w  e x p e r i m e n t a l  r e s u l t s  w h o s e  
t i m e  e v o l u t i o n  i s  d e s c r i b e d  b y  d e l a y e d  d i f f e r e n t i a l  
e q u a t i o n s .  I n  F i g .  7 . 1  a n  a c o u s t i c  o p t i c a l  b i s t a b l e  d e v i c e  
i s  s h o w n  T h e  a c o u s t o - o p t i c  d e v i c e  h a s  d e l a y e d  f e e d b a c k  a n d  
t h e  s y s t e m  i s  m o d e l l e d  b y  E q .  ( 7 . 5 ) .  E x p e r i m e n t a l  d e t a i l s  
c a n  b e  f o u n d  m  C h r o s t o w s k i  e t  a l . ( 1 9 8 3 ) .  T h e  s i n e  s q u a r e d  
t e r m  i n  t h i s  e q u a t i o n  i s  d u e  t o  t h e  m o d u l a t i o n  e f f e c t  o f  
t h e  a c o u s t i c  o p t i c  c r y s t a l .
VARIABLE
VARIABLE 
d c  BIAS 
+
e x t e r n a l
SIGNAL
Fig. 7.1. E x p e r i m e n t a l  l a y o u t  o f  a  d e l a y e d  a c o u s t i c - o p t i c  
s y s t e m ,  ( F r o m  V a l l e e  a n d  D e l i s l e  ( 1 9 8 5 ) ) .
T h e  u n i v e r s a l  F e i g e n b a u m  c o n s t a n t  S w h i c h  d e s c r i b e s  
t h e  r a t e  o f  p e r i o d  d o u b l i n g  h a s  b e e n  m e a s u r e d  
e x p e r i m e n t a l l y ,  V a l l e e  e t  a l . ( 1 9 8 5 ) ,  a n d  f o u n d  t o  a g r e e
w i t h  t h e o r y .  T h e  b i f u r c a t i o n  s e q u e n c e ,  i n  t h e  p r e s e n c e  o f  
a d d i c t i v e  a n d  m u l t i p l i c a t i v e  n o i s e ,  s h o w s  e x c e l l e n t  
a g r e e m e n t  b e t w e e n  t h e o r y  a n d  e x p e r i m e n t ,  V a l l e e  e t  a l .
( 1 9 8 4 ) .  P e r i o d i c  w i n d o w s  w i t h i n  t h e  c h a o t i c  d o m a i n  h a v e  
a l s o  s h o w n  e x c e l l e n t  a g r e e m e n t  b e t w e e n  e x p e r i m e n t  a n d  
n u m e r i c a l  s i m u l a t i o n s ,  V a l l e e  a n d  D e l i s l e  ( 1 9 8 6 ) .  A n
134
a l t e r n a t i v e  e x p e r i m e n t  b a s e d  o n  a  p o t a s s i u m  d i h y d r o g e n  
p h o s p h a t e  ( K D P )  c r y s t a l  h a s  b e e n  s t u d i e d  b y  D e r s t i n e  e t  a l .
( 1 9 8 3 ) .
T h e  f o l l o w i n g  r e s u l t  p e r t a i n s  t o  t h e  c h a o t i c  b e h a v i o u r  
i n  t h e  h y b r i d  o p t i c a l  d e v i c e .  D i m e n s i o n  a n d  c o r r e l a t i o n  
e n t r o p y  m e a s u r e m e n t s  h a v e  b e e n  m a d e  b y  H o p f  e t  a l .  ( 1 9 8 6 ) .  
M e a s u r e d  d i m e n s i o n s  w e r e  f o u n d  t o  b e  s i g n i f i c a n t l y  l e s s  
t h a n  d i m e n s i o n s  c o n s i s t e n t  w i t h  t h e  K a p l a n - Y o r k e  
c o n j e c t u r e .  W hen  t h e  c o r r e l a t i o n  d i m e n s i o n  o f  a  c o n t i n u o u s  
s y s t e m  i s  p l o t t e d  a s  f u n c t i o n  o f  t h e  s a m p l i n g  t i m e ,  t h e r e  
a r e  t w o  p l a t e a u s  c o r r e s p o n d i n g  t o  t h e  d i m e n s i o n  o f  t h e  
P o i n c a r e  s e c t i o n  a n d  t h e  d i m e n s i o n  o f  t h e  c o m p l e t e  s y s t e m .  
I t  i s  p o s s i b l e  t h a t  i n c o n s i s t e n c i e s  i n  t h i s  e x p e r i m e n t a l  
r e s u l t  c o u l d  b e  e x p l a i n e d  m  t e r m s  o f  t h e s e  p l a t e a u s .
T h e  f a c t  t h a t  a  DDE i n  o n e  v a r i a b l e  a c t u a l l y  d e s c r i b e s  
a  t i m e  e v o l u t i o n  i n  a n  i n f i n i t e  d i m e n s i o n a l  f u n c t i o n a l  
s p a c e  e n a b l e s  i t  t o  u n d e r g o  a  H o p f  b i f u r c a t i o n ,  a  p r o p e r t y  
t h a t  r e q u i r e s  a t  l e a s t  t w o  d e g r e e s  o f  f r e e d o m  i n  a n  
a u t o n o m o u s  s y s t e m  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  A  
H o p f  b i f u r c a t i o n  o c c u r s  w h e n  a  p a r a m e t e r  i n  t h e  s y s t e m  i s  
c h a n g e d  r e s u l t i n g  i n  a  b i f u r c a t i o n  f r o m  a  f i x e d  p o i n t  t o  a  
l i m i t  c y c l e  B y  e x a m i n i n g  t h e  s t a b i l i t y  o f  t h i s  f i x e d  p o i n t  
i t  i s  p o s s i b l e  t o  d e t e r m i n e  t h e  p a r a m e t e r  v a l u e  f o r  t h i s  
b i f u r c a t i o n .  A s s u m e  t h e  f o l l o w i n g  g e n e r a l  f o r m
T h e  f i x e d  p o i n t s  o f  t h i s  e q u a t i o n  a r e  o b t a i n e d  b y  s e t t i n g  
d X / d t  = 0 ,  a n d  X ( t ) = X ( t - r ) =X p . A l i n e a r  s t a b i l i t y  a n a l y s i s  
i n v o l v e s  e x a m i n i n g  t h e  s t a b i l i t y  a b o u t  t h e  f i x e d  p o i n t  X :
w h e r e  F ( X ( t ) , X ( t - r ) ) =  g ( X ( t - T ) ) - b X ( t ) .  T h e  p a r t i a l  
d e r i v a t i v e s  a r e  e v a l u a t e d  a t  t h e  f i x e d  p o i n t  X .
7.3 HOPF BIFURCATION
= g ( X ( t - x ) ) - b X ( t ) ( 7 . 9 )
p
( 7 . 1 0 )
p
= + g ' (X ) 5 X ( t - r ) ( 7 . 1 1 )
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a s s u m e  s o l u t i o n  o f  t h e  f o r m  S X ( t ) = X * e x p ( A t )  a n d  
S X ( t - x ) = X * e x p ( A ( t - x )  ) . S u b s t i t u t i n g  i n t o  E q .  ( 7 . 1 1 )
A = g ' ( X  ) e x p ( - A r )  -  b  ( 7 . 1 2 )
p
I f  E q .  ( 7 . 1 2 )  i s  s e p a r a t e d  i n t o  i t s  r e a l  a n d  i m a g i n a r y  
p a r t s ,  A = r + i w ,  w i t h  a  l i t t l e  r e a r r a n g e m e n t  i t  b e c o m e s
r ( w )  = -  b  - w / t a n ( w r )  ^  ^ 2 )
w ( r )  = [ g '  ( X  ) 2 e x p ( - 2 r x ) - ( r + b )2 ] 1/2p
M a r g i n a l  s t a b i l i t y  o c c u r s  w h e n  t h e  l a r g e s t  s o l u t i o n  i s  r = 0 ,
i . e .
_  _ t a n -1 ( w (  0 ) / b )  , n  a \
T ----------------w T O l   ( 7 . 1 4 )
F o r  E q .  ( 7 . 3 )  ( w i t h  a = 0 . 2 ,  b = 0 . 1  a n d  c = 1 0 )  a  H o p f
b i f u r c a t i o n  o c c u r s  f o r  r > 4 . 5 3 .  N u m e r i c a l l y  w e  h a v e  f o u n d  
t h e  e x i s t e n c e  o f  a  H o p f  b i f u r c a t i o n  f o r  E q .  ( 7 . 8 )  ( w i t h  
A = 1 . 6  a n d  B = 0 . 3 )  a t  x  = 3 . 5 2 .  L o n g t i n  ( 1 9 9 1 )  e x a m i n e s  t h e  
p o s t p o n e m e n t  o f  t h e  H o p f  b i f u r c a t i o n  i n  E q .  ( 7 . 3 )  w i t h  t h e  
i n c l u s i o n  o f  a d d i t i v e  a n d  m u l t i p l i c a t i v e  n o i s e .
7.4 FOURIER ANALYSIS AND PHASE PORTRAITS
T h e  f i r s t  DDE i n v e s t i g a t e d  i s
= A X ( t - x )2 4e x p (  X ( t - x ) 2 ) -  B X ( t )  ( 7 . 1 5 )
P a r a m e t e r  v a l u e s  a r e  A = 1 . 6  a n d  B = 0 . 3 .  T h e  q u a l i t a t i v e  
c h a n g e s  i n  t h e  n a t u r e  o f  t h e  a t t r a c t o r  w i l l  b e  d e s c r i b e d  a s  
t h e  p a r a m e t e r  x  i s  v a r i e d .  A l i n e a r  s t a b i l i t y  a n a l y s i s  
s h o w s  t h a t ,  w i t h  A g i v e n  a s  a b o v e ,  t h e r e  i s  a  s t a b l e  f i x e d  
p o i n t  a t t r a c t o r  f o r  x < 3 . 5 2 .  F o r  3 . 5 2 < x < 8 . 7 5  t h e r e  i s  a  
s t a b l e  l i m i t  c y c l e .  A t  x = 8 . 7 5 ,  t h e  p e r i o d  o f  t h e  l i m i t  
c y c l e  d o u b l e s ,  i n i t i a t i n g  a  p e r i o d  d o u b l i n g  s e q u e n c e  w h i c h  
a c c u m u l a t e s  a t  x = 1 1 . 6 5 .  O l i v e r a  a n d  M a l t a  ( 1 9 8 7 ) ,  h a s  
v e r i f i e d  t h a t  t h e  p e r i o d  d o u b l i n g  s e q u e n c e  i s  c h a r a c t e r i z e d  
b y  t h e  t w o  u n i v e r s a l  c o n s t a n t s  « = 2 . 5 0 2 9 0 7 . . . .  a n d  
5 = 4 . 6 6 9 2 0 . . . .  F o r  x > 1 1 . 6 5  n u m e r i c a l  s i m u l a t i o n s  s h o w  
c h a o t i c  a t t r a c t o r s  a t  m o s t  p a r a m e t e r  v a l u e s ,  w i t h  l i m i t  
c y c l e s  i n t e r s p e r s e d  i n  b e t w e e n .  T h e  p e r i o d  d o u b l i n g  r o u t e
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i s  t h e  o n l y  r o u t e  o b s e r v e d  i n  t h e  d i f f e r e n t i a l  e q u a t i o n s  
c o n s i d e r e d  h e r e .  B o e  a n d  C h a n g  ( 1 9 9 1 )  e x a m i n e  c o u p l e d  D D E ' s  
a n d  o b s e r v e  t h e  q u a s i p e r i o d i c  r o u t e  t o  c h a o s  b o t h  
e x p e r i m e n t a l l y  a n d  n u m e r i c a l l y .  T h e  n a t u r e  o f  t h e  p e r i o d i c  
s o l u t i o n  o f  D D E ' s  h a v e  b e e n  e x t e n s i v e l y  s t u d i e d  
( M a l l e t - P a r e t  e t  a l . ( 1 9 8 9 ) ) .  E a c h  o f  t h e  f u n c t i o n s
c o n s i d e r e d  h e r e  h a v e  a  n e g a t i v e  S c h w a r z i a n  d e r i v a t i v e  ( E q .  
( 3 . 7 ) )  f o r  s o m e  o f  t h e  p a r a m e t e r  s p a c e  x  a n d  A .  U s i n g  t h i s  
d e r i v a t i v e  i t  i s  p o s s i b l e  t o  e x a m i n e  t h e  e x i s t e n c e  a n d  
u n i q u e n e s s  o f  t h e  p e r i o d i c  s o l u t i o n s .  T y p e  3 i n t e r m i t t e n c y  
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X(t) X(t)
F I G .  7 . 2 .  P h a s e  p l o t s  o b t a i n e d  b y  p l o t t i n g  X ( t )  a g a i n s t  
X ( t - x )  f o r  E q .  ( 7 . 8 ) ,  w i t h  A = 1 . 6  a n d  B = 0 . 3 .  ( a )  x = 1 0 ,  ( b )
x = 1 2 , ( c )  x = 1 8  a n d  ( d )  x = 2 0 0 , w h e r e  x  i s  t h e  d e l a y
p a r a m e t e r .
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H a m i l t o n  ( 1 9 9 2 ) .
P h a s e  p l o t s  ( F i g .  7 . 2 )  a n d  p o w e r  s p e c t r a  ( F i g .  7 . 3 )  
a r e  e m p l o y e d  t o  s t u d y  t h e  q u a l i t a t i v e  n a t u r e  o f  t h e  
a t t r a c t o r .  T h e s e  a r e  s u f f i c i e n t  t o  d i s t i n g u i s h  p e r i o d i c
b e h a v i o u r  f r o m  c h a o t i c  b e h a v i o u r  b u t  p r o v i d e  l i t t l e  
i n f o r m a t i o n  t o  d i s t i n g u i s h  b e t w e e n  d i f f e r e n t  t y p e s  o f
c h a o t i c  b e h a v i o u r .  T h e  p h a s e  p l o t s  a r e  o b t a i n e d  b y  p l o t t i n g  
x ( t )  a g a i n s t  x ( t - r ) .  E a c h  p o w e r  s p e c t r u m  c o n s i s t s  o f  1 0 0  
a v e r a g e s  o f  4 0 9 6  s a m p l e s  a t  i n t e r v a l s  A t = 5  t i m e  u n i t s .  T h e
i n t e g r a t i o n  s t e p  w a s  A h = 0 . 0 2 5 .  A l l  p o w e r  s p e c t r a  a r e  o n  a
s e m i - l o g  s c a l e .
(a) (b)
(c) (d)
0.00 0.05 0.10 0.00 0.05 0.10
¥  V
F I G .  7 . 3 .  P o w e r  s p e c t r a  o f  t h e  p h a s e  p l o t s  s h o w n  i n  F i g .  
7 . 2 .  E a c h  s p Q c t r u m  c o n s i s t s  o f  1 0 0  a v e r a g e s  o f  4 0 9 6  s a m p l e s  
t a k e n  a t  i n t e r v a l s  A t = 5 .
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T h e  p o w e r  s p e c t r u m  o f  t h e  l i m i t  c y c l e  i n  F i g .  7 . 2  ( a ) ,  
f o r  t = 1 0 ,  i s  s h o w n  i n  F i g .  7 . 3  ( a )  a n d  c o n s i s t s  o f  d e l t a  
f u n c t i o n s .  T h e  b r o a d e n i n g  o f  t h e s e  d e l t a  f u n c t i o n s  i s  d u e  
t o  t h e  f i n i t e  l e n g t h  o f  t h e  t i m e  r e c o r d .  T h e  f u n d a m e n t a l  
f r e q u e n c y  i s  l a b e l e d  w i t h  a  1 a n d  t h e  h a r m o n i c s  a r e  l a b e l e d  
w i t h  n / m  w h e r e ,  n  a n d  m a r e  i n t e g e r s .  T h e  f r e q u e n c y  o f  t h i s  
f u n d a m e n t a l  i s  f = 0 . 0 3 9 6 ,  t h e r e f o r e  t h e  p e r i o d  i s  T = 2 5 . 2 4 5 .  
T h e  a c t u a l  p e r i o d  o f  t h i s  p e r i o d  t w o  o r b i t  i s  T 2= 5 0 . 4 9  
w h i c h  i s  e q u i v a l e n t  t o  t h e  s um  o f  t h e  t w o  s e c o n d a r y  p e a k s  
c l o s e  t o  t h e  f u n d a m e n t a l .  I n  s u m m a r y  t h e  p o w e r  s p e c t r u m  
d o e s  n o t  h a v e  a  f u n d a m e n t a l  a t  t h e  p e r i o d  o f  t h e  o r b i t  b u t  
a t  T  / n  w h e r e  n  i s  p e r i o d  o f  t h e  o r b i t .n
A c h a o t i c  a t t r a c t o r  f o r  t = 12  i s  s h o w n  i n  F i g .  7 . 2  ( b )  
w i t h  i t s  c o r r e s p o n d i n g  p o w e r  s p e c t r u m  i n  F i g .  7 . 3  ( b ) .  F o r  
t h i s  c h a o t i c  a t t r a c t o r  t h e  s p e c t r u m  c o n t a i n s  s h a r p  p e a k s  
w i t h  a  b r o a d b a n d  c o m p o n e n t .  T h e  s h a r p  p e a k s  h a v e  a l t o g e t h e r  
d i s a p p e a r e d  f o r  r = 1 8  i n  F i g .  7 . 3  ( c ) .  A t  t = 2 0 0  t h e  s p e c t r u m  
i s  s h o w n  i n  F i g .  7 . 3  ( d ) .  T h e  b r o a d b a n d  c o m p o n e n t  h a s  m a n y
_3
h a r m o n i c s  s e p a r a t e d  b y  a  A f = 4 . 9 * 1 0  . T h i s  s p e c t r u m  w o u l d
i n d i c a t e  t h a t  t h e  i n d i v i d u a l  o r b i t s  w h i c h  c o n s t i t u t e  t h e  
a t t r a c t o r  h a v e  f r e q u e n c y  c o m p o n e n t s  t h a t  a r e  r a t i o n a l l y  
r e l a t e d .  I t  a p p e a r s  f r o m  F i g  7 . 2  t h a t  a s  z  i s  i n c r e a s e d  t h e  
p h a s e  s p a c e  p l o t s  i n c r e a s e  i n  c o m p l e x i t y ,  s p e c i f i c a l l y  t h e  
d i f f e r e n c e  b e t w e e n  ( b )  a n d  ( c ) .  T h i s  p o i n t  w i l l  b e  
i n v e s t i g a t e d  f u r t h e r  i n  t h e  n e x t  s e c t i o n  w h e r e  d i m e n s i o n  
a n d  s t r u c t u r e  i s  e x a m i n e d .
7.5 STRUCTURE OF ATTRACTOR AS A FUNCTION OF DELAY
PARAMETER x AND GAIN PARAMETER A.
F r o m  t h e  a n a l y s i s  s o  f a r  a  n u m b e r  o f  i m p o r t a n t  
q u e s t i o n s  r e m a i n  u n a n s w e r e d .  W h a t  i s  t h e  r e a s o n  f o r  t h e  
i n c r e a s e d  c o m p l e x i t y  o f  t h e  p h a s e  s p a c e ?  I s  t h e r e  a n  C a n t o r
s e t  a s s o c i a t e d  w i t h  t h e  a t t r a c t o r ?  How  d o e s  t h e  d i m e n s i o n
a n d  e n t r o p y  c h a n g e  w i t h  t h e  p a r a m e t e r s  A a n d  z ?  W h a t  i s  t h e  
m a x im u m  d i m e n s i o n  o f  a n  i n f i n i t e  d i m e n s i o n a l  s y s t e m ?  Up  t o  
w h a t  d i m e n s i o n  i s  t h e  c o n c e p t  o f  a  s t r a n g e  a t t r a c t o r  
u s e f u l ?  A m o r e  d e t a i l e d  u n d e r s t a n d i n g  r e q u i r e s  a n
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e x a m i n a t i o n  o f  t h e  P o i n c a r e  s e c t i o n  a n d  a  c o m p u t a t i o n  o f  
t h e  L y a p u n o v  s p e c t r u m
S h o w n  m  F i g .  7 . 4  i s  t h e  L y a p u n o v  d i m e n s i o n  p l o t t e d  a s  
a  f u n c t i o n  o f  t h e  d e l a y  p a r a m e t e r  x ,  i n  t h e  r a n g e  1 1 . 0  t o  
2 0  0 w i t h  i n c r e m e n t s  0 . 2 .  F r o m  t h e  o n s e t  o f  c h a o s  a t  t = 1 1 . 8  
t h e r e  i s  a  s t e a d y  i n c r e a s e  i n  d i m e n s i o n  f r o m  Dl = 2 . 0  t o  4 . 0 .  
T h e  f o u r  l a r g e s t  L y a p u n o v  e x p o n e n t s  a r e  p l o t t e d  i n  F i g .  
7 5 .  T h e r e  a r e  t w o  p o s i t i v e  L y a p u n o v  e x p o n e n t s  i n  t h i s  
r e g i o n ,  o n e  i s  z e r o ,  i n d i c a t i n g  t h a t  a l o n g  t h e  f l o w  t h e r e
T
F I G .  7 . 4 .  T h e  L y a p u n o v  d i m e n s i o n  Dl  a s  a  f u n c t i o n  o f  r  
f o r  t  m  t h e  r a n g e  1 1 . 0  t o  1 8 . 0  w i t h  i n c r e m e n t s  o f  0 . 2 .
T
F I G .  7 . 5 .  T h e  f o u r  l a r g e s t  L y a p u n o v  e x p o n e n t s  a s  a  
f u n c t i o n  o f  x  f o r  x  i n  t h e  r a n g e  1 1 . 0  t o  1 8 . 0  w i t h  
i n c r e m e n t s  o f  0 . 2 .
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i s  n e i t h e r  c o n t r a c t i o n  o r  e x p a n s i o n ,  w h i l e  t h e  o t h e r  
e x p o n e n t  i s  e q u i v a l e n t  t o  t h e  L y a p u n o v  e n t r o p y  K l>  T h e  
L y a p u n o v  e x p o n e n t s  c a l c u l a t e d  r e p r e s e n t  t h e  g l o b a l  
s t a b i l i t y  o f  t h e  s y s t e m  a n d  i t  i s  p o s s i b l e  t h a t  i n d i v i d u a l  
o r b i t s  h a v e  s t a b i l i t y  s u c h  t h a t  t h e r e  a r e  m o r e  t h a n  t w o  
p o s i t i v e  L y a p u n o v  e x p o n e n t s  f o r  t h e  p a r a m e t e r  r a n g e  o f  
i n t e r e s t .  A f t e r  a n  i n i t i a l  i n c r e a s e  i n  K l , t h e r e  a r e  o n l y  
s m a l l  f l u c t u a t i o n s  a b o u t  t h e  a v e r a g e  v a l u e  Kl = 0 . 0 1 4 .  T h e  
c o n s t a n t  v a l u e  o f  i n d i c a t e s  t h a t  t h e  n u m b e r  o f  o r b i t s  i n  
t h e  s y s t e m  i s  c o n s t a n t
T h e  c a u s e s  f o r  t h e  i n c r e a s e  i n  d i m e n s i o n  ( F i g .  7 . 4 )  
c a n  b e  f o u n d  b y  e x a m i n i n g  t h e  g e o m e t r i c a l  s t r u c t u r e  o f  a n  
a t t r a c t o r .  T o  o b s e r v e  t h e  s t r u c t u r e  w e  w i l l  e x a m i n e  t h e  
P o i n c a r e  s e c t i o n  o f  t h e  a t t r a c t o r s  s h o w n  i n  F i g .  7 . 2 .  B y  
p l o t t i n g  X ( t - x )  a g a i n s t  X ( t - 2 x )  w h e n  d X ( t ) / d t > 0  a n d  X ( t )  i s  
c o n s t a n t  w e  o b t a i n  a n  a d e q u a t e  r e p r e s e n t a t i o n  o f  t h e  
P o i n c a r e  s e c t i o n .  T h e  p l a n e  o f  i n t e r s e c t i o n  i s  c h o s e n  t o  b e  
X ( t )  = 1 . 5  F o r  t h e  l i m i t  c y c l e  s h o w n  i n  F i g .  7 . 2  ( a )  t h e
P o i n c a r e  s e c t i o n  w o u l d  c o n s i s t  o f  t w o  d o t s .
S h o w n  i n  F i g  7 . 6  ( a )  i s  a  c r o s s  s e c t i o n  o f  t h e
a t t r a c t o r  f o r  t = 1 2 . 0 , w i t h  m a g n i f i c a t i o n s  s h o w n  i n  ( b )  a n d
( c ) .  T h e  s t r u c t u r e  i s  r e m i n i s c e n c e  t o  t h a t  o b s e r v e d  f o r  t h e
d i s c r e t e  s y s t e m s  i n  C h a p t e r s  4 a n d  5 .  R e p e a t e d  
m a g n i f i c a t i o n s  s h o w  t h a t  t h e r e  i s  a  n e s t e d  s e t  o f
a t t r a c t i n g  c u r v e s ,  u p  t o  a  m a x im u m  p o s s i b l e  m a g n i f i c a t i o n  
w h i c h  i s  d e p e n d e n t  o n  t h e  n u m e r i c a l  i n t e g r a t i o n  s t e p .  T h e s e  
f i g u r e s  s t r o n g l y  s u g g e s t  t h a t  t h e  c r o s s  s e c t i o n  m i g h t  
i n d e e d  b e  a  C a n t o r  s e t .  T h e  d i m e n s i o n  i s  D = 2 . 2 8 .  AL
p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  c r o s s  s e c t i o n  m  F i g .  7 . 6  
( a )  s h o w s  c o m p l i c a t e d  s i n g u l a r i t i e s  a l o n g  t h e  u n s t a b l e  
m a n i f o l d  D o n z z i  e t  a l .  ( 1 9 8 7 )  c o n c l u d e d  t h a t  t h e  c h a o t i c
s o l u t i o n  o f  D D E ' s  b e h a v e s  a s  a  G a u s s i a n - M a r k o v i a n  p r o c e s s
f o r  a n  o n e  d i m e n s i o n a l  p r o b a b i l i t y  d i s t r i b u t i o n s .  T h i s  i s  
c l e a r l y  n o t  t h e  c a s e  w h e n  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  i s  
e x a m i n e d  m  a  d i m e n s i o n  s p a c e  o f  t w o  o r  g r e a t e r .  I t  i s  
i n t e r e s t i n g  t o  n o t e  t h a t  t h e  f i r s t  t h r e e  n e g a t i v e  L y a p u n o v  
e x p o n e n t s  h a v e  s i m i l a r  m a g n i t u d e .  T h e  t w o  d i m e n s i o n a l  
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X(t-r)
F I G .  7 . 6 .  A c r o s s  s e c t i o n  o f  t h e  a t t r a c t o r  f o r  t = 1 2 . 0 .  
T h e  s e c t i o n s  a r e  c o n s t r u c t e d  b y  p l o t t i n g  X ( t - r )  a g a i n s t  
X ( t - 2 r )  w h e n  X ( t ) = 2 . 0  a n d  X ( t + A t ) > 2 . 0 .  I n  t h i s  f i g u r e  a s
w e l l  a s  F i g . ' s  7 . 7 - 7 . 9 ,  t h e  m a g n i f i c a t i o n s  s h o w n  i n  ( b )  n d
( c )  a r e  c o n s t r u c t e d  b y  p l o t t i n g  o n l y  t h o s e  p o i n t s  t h a t  l i e
w i t h i n  t h e  b o x  i n d i c a t e d .  T h e  d i m e n s i o n  i s  Dl = 2 . 2 8 .
w h i c h  w o u l d  i n d i c a t e  t h a t  t h e  e i g e n v e c t o r s  o f  t h e  L y a p u n o v
e x p o n e n t s  h a v e  c o m m o n  d i r e c t i o n s .  A t  t = 1 3 . 0  t h e  d i m e n s i o n
h a s  i n c r e a s e d  t o  D = 2 . 5 1 ,  w h i c h  i s  r e f l e c t e d  i n  a  m o r el '
c o m p l e x  s t r u c t u r e  a s  s h o w n  i n  F i g .  7 . 7 .  F o r  t = 1 4 ,  t h e
d i m e n s i o n  i s  g r e a t e r  t h a n  t h r e e  ( D l = 3 . 0 5 )  d e s p i t e  t h e  f a c t  
t h a t  t h e r e  a r e  o n l y  t w o  p o s i t i v e  L y a p u n o v  e x p o n e n t s .  A n  
a n a l o g o u s  s i t u a t i o n  f o r  d i s c r e t e  s y s t e m s  i s  w h e n  t h e  
d i m e n s i o n  i s  g r e a t e r  t h a n  t w o  d e s p i t e  t h e  e x i s t e n c e  o f  o n l y  
o n e  p o s i t i v e  L y a p u n o v  e x p o n e n t  ( S e c .  4 . 4 . 3 ) .  T h e  s t r u c t u r e  
o f  t h e  a t t r a c t o r  i s  s h o w n  m  F i g .  7 . 8 ,  a g a i n  a n  i n c r e a s e  i n  
c o m p l e x i t y  i s  e v i d e n t .  A t  t = 18  t h e r e  a r e  s t i l l  o n l y  t w o  
p o s i t i v e  L y a p u n o v  e x p o n e n t s ,  w i t h  e x p a n s i o n  a l o n g  o n e  
m a n i f o l d  A s  i s  s h o w n  m  F i g .  7 . 9  t h e  s t r u c t u r e  i s  
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F I G .  7 . 7 .  S e e  c a p t i o n  o f  F i g .  7 . 6 .  T h e  d e l a y  p a r a m e t e r  i s
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X(t - r )
F I G .  7 . 8 .  S e e  c a p t i o n  o f  F i g .  7 . 6 .  T h e  d e l a y  p a r a m e t e r  i s  
t = 1 4 . 0  w i t h  d i m e n s i o n  D = 3 . 0 5 .
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F I G .  7 . 9 .  S e e  c a p t i o n  o f  F i g .  7 . 6 .  T h e  d e l a y  p a r a m e t e r  i s
t = 1 8 . 0  w i t h  d i m e n s i o n  Dl = 3 . 7 4 .
A r e  c h a o t i c  a t t r a c t o r s  w i t h  p e r i o d i c  c o m p o n e n t s  i n  
t h e i r  p o w e r  s p e c t r a  o f  l o w  d i m e n s i o n  a n d  s i m p l e  s t r u c t u r e ?  
T h i s  w a s  t h e  c a s e  f o r  r = 1 2 .  I t  w a s  o b s e r v e d  t h a t  t h e s e  
p e r i o d i c  c o m p o n e n t s  d i s a p p e a r e d  a s  t  i n c r e a s e d .  T h i s  t y p e  
o f  a t t r a c t o r  o c c u r s  a f t e r  t h e  o n s e t  o f  c h a o s .  T h e r e  i s  a  
p e r i o d i c  w i n d o w  b e t w e e n  r = 3 4  a n d  3 6 .  A  p h a s e  s p a c e  p l o t  o f  
a n  a t t r a c t o r  a t  t = 4 0  w i t h  Dl = 6 . 1  i s  s h o w n  i n  F i g .  7 . 1 0 .  F o r  
t = 1 2  a n d  r = 4 0  t h e  p h a s e  s p a c e  p l o t s  a r e  c l o s e l y  r e l a t e d  a n d  
b o t h  h a v e  a  p o w e r  s p e c t r u m  c o n s i s t i n g  o f  s h a r p  p e a k s  w i t h  a  
b r o a d  b a n d  c o m p o n e n t  ( c f  F i g .  7 . 3  ( b )  & F i g .  7 . 1 1 ) .  T h i s
i l l u s t r a t e s  t h a t  c h a o t i c  a t t r a c t o r s  w i t h  p e r i o d i c  
c o m p o n e n t s  i n  t h e i r  s p e c t r a  c a n  h a v e  c o m p l i c a t e d  s t r u c t u r e s  
a n d  l a r g e  d i m e n s i o n s .
T h e  s t u d y  o f  t h e  e f f e c t  t h a t  t h e  p a r a m e t e r  A  h a s  o n  
t h e  s y s t e m  w i l l  p r o c e e d  a l o n g  s i m i l a r  l i n e s .  P a r a m e t e r  
v a l u e s  a r e  f i x e d  a t  r = 1 0  a n d  B = 0 . 3 .  T h e  d i m e n s i o n  D i s
L
s h o w n  i n  F i g .  7 1 2  f o r  A i n  t h e  r a n g e  1 . 6 - 2 .8 w i t h
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X(t)
F I G .  7 . 1 0 .  P h a s e  s p a c e  p l o t  f o r  t = 4 0 .
V
F I G .  7 . 1 1 .  P o w e r  s p e c t r u m  f o r  t = 4 0 .
i n c r e m e n t s  o f  0 . 0 2 .  W i n d o w s  o f  p e r i o d i c  b e h a v i o u r ,  w i t h  
a t t r a c t o r s  o f  d i m e n s i o n  1 . 0 , e x i s t  w i t h i n  t h e  c h a o t i c  
r e g i m e .  T h e  f o u r  l a r g e s t  L y a p u n o v  e x p o n e n t s  a r e  s h o w n  i n  
F i g .  7 . 1 3 .  T h e  d i m e n s i o n  e x c e e d s  t h r e e  d e s p i t e  t h e  f a c t  
t h a t  t h e r e  a r e  o n l y  t w o  p o s i t i v e  L y a p u n o v  e x p o n e n t s .  A  
t h i r d  l y a p u n o v  e x p o n e n t  b e c o m e s  p o s i t i v e  b u t  t h e  d i m e n s i o n  
n e v e r  e x c e e d s  3 . 8 .  F o r  A g r e a t e r  t h a n  2 . 6 6  t h e r e  a r e  o n l y  
p e r i o d i c  s o l u t i o n s  b e c a u s e  t h e  d e l a y  f u n c t i o n ,  
f ( X ) = A X 2 4 e x p ( - X 2 ) , t e n d s  t o  z e r o  a s  X i n c r e a s e s .  T h i s  
r e d u c e s  t h e  DDE t o  a  l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n .  
A l t h o u g h  n o t  s h o w n ,  a n  e x a m i n a t i o n  o f  t h e  P o i n c a r e  s e c t i o n
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f o r  i n c r e a s i n g  d i m e n s i o n  s h o w s  a  s i m i l a r  i n c r e a s e  i n  t h e  
c o m p l e x i t y  o f  t h e  C a n t o r  s e t .
F IG .  7 . 1 2 .  T h e  L y a p u n o v  d i m e n s i o n  a s  a  f u n c t i o n  o f  A f o r  
A i n  t h e  r a n g e  1 . 8  t o  2 . 8  i n c r e m e n t s  o f  0 . 0 2 .
A
F IG .  7 . 1 3 .  T h e  f o u r  l a r g e s t  L y a p u n o v  e x p o n e n t s  a s  a  
f u n c t i o n  o f  A  f o r  A i n  t h e  r a n g e  1 . 8  t o  2 . 8  i n c r e m e n t s  o f  
0 . 0 2 .
7.6 COMPARATIVE DIMENSION STUDIES
T h e  a b o v e  r e s u l t s  w e r e  o b t a i n e d  b y  u s i n g  L y a p u n o v
e x p o n e n t s ,  a s  a  c o m p a r i s o n  we  w i l l  e x a m i n e  t h e  H a u s d o r f f
d i m e n s i o n  D a n d  t h e  c o r r e l a t i o n  d i m e n s i o n  D . T h e  o 2
c a l c u l a t i o n  o f  t h e s e  d i m e n s i o n s  a r e  b a s e d  o n  t h e  M a c k e y
1 4 6
G l a s s  d e l a y  d i f f e r e n t i a l  e q u a t i o n  ( E q .  ( 7 . 3 ) ) .  I n  t a b l e  7 . 1
we  l i s t  t h e  d i m e n s i o n s  D , D a n d  D f o r  f o u r  d i f f e r e n t
o '  2 L
c h a o t i c  a t t r a c t o r s  a s  a  f u n c t i o n  o f  t h e  d e l a y  p a r a m e t e r  z .
F o r  l a r g e  z  t h e  L y a p u n o v  m e t h o d  i s  t h e  m o s t  e f f i c i e n t
m e t h o d  f o r  c o m p u t i n g  d i m e n s i o n s  a s  s p a t i a l  m e t h o d s  a n d  b o x
c o u n t i n g  m e t h o d s  r e q u i r e  e x t r e m e l y  l a r g e  d a t a  s e t s  ( S e c .
2 . 5 . 2 )  f o r  s u f f i c i e n t  c o n v e r g e n c e .  I n  a l l  c a s e s  t h e
f o l l o w i n g  i n e q u a l i t y  i s  s a t i s f i e d  D >D >D . T h e  e r r o r s
q u o t e d  f o r  Dq a n d  D2 a r e  b a s e d  o n  a  l e a s t  s q u a r e s  f i t .
A t t e m p t s  h a v e  b e e n  m a d e  t o  c o m p u t e  t h e  s p e c t r u m  o f
g e n e r a l i z e d  d i m e n s i o n s  D a n d  e n t r o p i e s  K f o r  t h eq q
p a r a m e t e r  r = 2 3 . 0  ( P a w e l z i k  a n d  S c h u s t e r  ( 1 9 8 7 ) ) .  T h e i r  
c o m p u t e d  s p e c t r u m  s h o w s  i n c o m p l e t e  c o n v e r g e n c e .
T a b l e  7 . 1 .
A  c o m p a r i s o n  o f  t h e  L y a p u n o v  d i m e n s i o n  Dl , c o r r e l a t i o n
d i m e n s i o n  D a n d  H a u s d o r f f  d i m e n s i o n  D f o r  f o u r  d i f f e r e n t  2 o
c h a o t i c  a t t r a c t o r s  o f  t h e  M a c k e y  G l a s s  E q .  ( 7 . 3 ) .
D2 DL D0
T Eq.  2 . 3 0 R e f .  1 Eq.  2 . 7 R e f .  2 R e f .  3
1 7 2 . 0 0 ± 0 . 03 1 . 9 5 ± 0 . 03 2 . 1 3 ± 0 . 03 2 . 1 0 ± 0 . 03 2 . 1 0 ± 0 . 02
23 2 . 4 6 ± 0 . 0 4 2 . 4 4 ± 0 . 03 2 . 7 7 ± 0 . 0 4 2 . 8 2 ± 0 . 03 2 . 6 5 ± 0 . 02
30 2 . 9 1 ± 0 . 0 9 3 . 0 0 ± 0 . 20 3 . 6 0 ± 0 . 05 3 . 5 8 ± 0 . 0 4 3 . 6 8 ± 0 . 06
1 00 8 . 5  ± 1 . 0 > 7 . 5 9 . 8  ± 0 . 3 ~ 10 1 2 . 6±0 . 2
a
Re f  . 1 G r a s s b e g e r  a n d  P r o c a c c i a  ( 1 9  8 3 ) .
Re  f  . 2 F a r m e r  ( 1 9 8 2 ) .
R e f .  3 T e r m o n i a  a n d  A l e x a n d r o w i c z  ( 1 9 8 4 ) .
7.7 ASYMPTOTIC STUDIES OF CHAOTIC ATTRACTORS AS A 
FUNCTION OF PARAMETERS A AND r
I n  S e c .  7 . 5  l o w  d i m e n s i o n a l  c h a o s  ( Dl <4 ) r e s u l t i n g  
f r o m  a  v a r i a t i o n  o f  t h e  p a r a m e t e r  z  a n d  A w a s  e x a m i n e d .  I n  
t h i s  s e c t i o n  E q . ' s  ( 7 . 7 )  a n d  ( 7 . 8 )  a r e  e x a m i n e d  for a range 
o f  p a r a m e t e r s  t h a t  g i v e  a t t r a c t o r s  o f  d i m e n s i o n  i n  t h e  
r a n g e  5 t o  5 0 .
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T h e  d i m e n s i o n  Dl  o f  E q .  ( 7 . 8 )  i s  p l o t t e d  a s  a  f u n c t i o n  
o f  x  i n  F i g .  7 . 1 4  f o r  x  i n  t h e  r a n g e  2 0 - 2 0 0  w i t h  a n  
i n c r e m e n t  o f  2 0 .  T h e  d i m e n s i o n  i n c r e a s e s  l i n e a r l y  w i t h  x .  
F o r  t = 1 0 0  t h e  d i m e n s i o n  i s  o f  t h e  o r d e r  o f  Dl = 1 8 ,  w i t h  1 0  
p o s i t i v e  L y a p u n o v  e x p o n e n t s .  T h e  v a l u e  o f  j  i n  t h e  
K a p l a n - Y o r k  f o r m u l a ,  E q .  ( 2 . 7 ) ,  i s  2 0 .  I n  c o m p a r i s o n  t o  
t h i s  f o r  t = 2 0 0 ,  Dl = 3 8  w i t h  2 0  p o s i t i v e  e x p o n e n t s  a n d  j = 3 8 .
0 100 200 
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FIG. 7.14. T h e  L y a p u n o v  d i m e n s i o n  Dl a s  a  f u n c t i o n  o f  t  
f o r  x  i n  t h e  r a n g e  2 0 . 0  t o  2 00 . 0  w i t h  i n c r e m e n t s  o f  2 0 . 0 .
T h u s  t h e  d i m e n s i o n  i s  a p p r o x i m a t e l y  e q u a l  t o  j  f o r  l a r g e  r .  
L e  B e r r e  e t  a l . ( 1 9 8 7 )  r e l a t e s  t h e  d i m e n s i o n  t o  t h e
d e l a y  t i m e  x  d i v i d e d  b y  t h e  c o r r e l a t i o n  t i m e  o f  t h e
f e e d b a c k  d r i v i n g  f o r c e  f o r  t h r e e  d y n a m i c a l  s y s t e m s .  T h e
e n t r o p y  K l i s  p l o t t e d  i n  F i g .  7 . 1 5  a n d  i s  a p p r o x i m a t e l y
c o n s t a n t ,  i n d i c a t i n g  t h a t  t h e  t o t a l  n u m b e r  o f  p e r i o d i c  
o r b i t s  i n  t h e  s y s t e m  i s  c o n s t a n t .  I n  o r d e r  f o r  K l  t o  r e m a i n  
a p p r o x i m a t e l y  c o n s t a n t  a s  x  i n c r e a s e s  t h e  p o s i t i v e  L y a p u n o v  
e x p o n e n t s  m u s t  d e c l i n e  a s  1 / r  ( F a r m e r  1 9 8 0 ) .  T h e s e  
a t t r a c t o r s  w i t h  l a r g e  d i m e n s i o n s  h a v e  l o c a l  r a t e s  o f  
e x p a n s i o n  m  e a c h  d i r e c t i o n  t h a t  a r e  q u i t e  s m a l l .  E r r o r  
b a r s  a r e  s h o w n  o n  t h i s  p l o t  t o  i n d i c a t e  t h e  s t a t i s t i c a l  
v a r i a t i o n  i n  t h e  e n t r o p y ,  n o  e r r o r  b a r s  w i l l  b e  s h o w n  i f  
t h e  f l u c t u a t i o n  i n  t h e  c o m p u t e d  q u a n t i t y  i s  i n s i g n i f i c a n t .  
T h e  d i m e n s i o n  i n  F i g .  7 . 1 4  d e p e n d s  o n  t h e  r a t i o  o f  t h e
L y a p u n o v  e x p o n e n t s  a n d  i s  n o t  s e n s i t i v e  t o  t h e  f l u c t u a t i o n s
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i n  t h e  e x p o n e n t .  I n c r e m e n t s  o f  2 0  w e r e  u s e d  t o  e v a l u a t e  Dl 
a n d  K l , w h e r e a s  a  f i n e r  i n c r e m e n t  c o u l d  r e v e a l  p e r i o d i c  
w i n d o w s  w i t h i n  t h e  c h a o t i c  r e g i m e .  T h e  d e v i a t i o n  f r o m  t h e  
c o n s t a n t  v a l u e  o f  K l i n  F i g .  7 . 1 5  i s  d u e  t o  t h e  e x i s t e n c e  
o f  o n e  s u c h  p e r i o d i c  w i n d o w .
T e s t s  h a v e  b e e n  c a r r i e d  o u t  b y  K a p l a n  a n d  G l a s s  ( 1 9 9 2 )  
t o  d e t e r m i n e  t h e  n a t u r e  o f  t h e s e  h i g h l y  d e l a y e d  a t t r a c t o r s  
f o r  t  a s  l a r g e  a s  2 0 0 .  T h e s e  t e s t s  d i s c r i m i n a t e  b e t w e e n  t h e  
n a t u r e  o f  a  t i m e  s e r i e s  g e n e r a t e d  f r o m  d e t e r m i n i s t i c  
c h a o t i c  s y s t e m s  a n d  t h a t  g e n e r a t e d  f r o m  r a n d o m  s t o c h a s t i c  
s y s t e m s .  T h e  r e s u l t s  s e e m  t o  i n d i c a t e  t h a t  t h e s e  h i g h l y  
d e l a y e d  a t t r a c t o r s  a r e  d e t e r m i n i s t i c  i n  n a t u r e .  T h i s  r e s u l t  
i s  n o t  s u r p r i s i n g  s i n c e  n o  r a n d o m  d r i v i n g  f o r c e  i s  p r e s e n t  
i n  t h e s e  d e l a y e d  e q u a t i o n s .
0 100 200 
T
F I G .  7 . 1 5 .  T h e  L y a p u n o v  e n t r o p y  K l  a s  a  f u n c t i o n  o f  z  
f o r  z  i n  t h e  r a n g e  2 0 . 0  t o  20 0 .0  w i t h  i n c r e m e n t s  o f  2 0 . 0 .
T o  c o m p l e t e  t h i s  c h a p t e r  h i g h  d i m e n s i o n a l  a t t r a c t o r s  
a r e  e x a m i n e d  f o r  E q .  ( 7 . 7 )  w h i c h  h a s  a  S i n e  d e l a y  t e r m .  
S h o w n  i n  F i g .  7 . 1 6  ( a )  i s  t h e  L y a p u n o v  d i m e n s i o n  Dl  a s  a  
f u n c t i o n  o f  t  f o r  z  i n  t h e  r a n g e  1 0 . 0  t o  9 0 . 0  w i t h  
i n c r e m e n t s  o f  2 0 . 0 .  T h e  v a l u e  o f  t h e  p a r a m e t e r  A b e i n g  1 . 0 .  
I n  ( b )  Dl  i s  s h o w n  a s  a  f u n c t i o n  o f  A  f o r  A i n  t h e  r a n g e  
1 . 0  t o  1 2 . 0  i n c r e m e n t s  o f  1 . 0 .  I n  t h i s  c a s e  z  i s  k e p t  
c o n s t a n t  a t  1 0 . 0 .  I n  e a c h  c a s e  t h e r e  i s  a n  a p p r o x i m a t e  
l i n e a r  i n c r e a s e  m  d i m e n s i o n .  F o r  t h e  s a m e  r a n g e  o f
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p a r a m e t e r s  t h e  e n t r o p y  K l  i s  p l o t t e d  a s  a  f u n c t i o n  o f  x  i n  
F i g .  7 . 1 7  ( a )  a n d  a s  a  f u n c t i o n  o f  A  i n  F i g .  7 . 1 7  ( b ) . T h e  
c o n s t a n t  e n t r o p y  m  ( a )  i s  c o n s i s t e n t  w i t h  t h e  r e s u l t s  






F I G .  7 . 1 6 .  ( a )  T h e  L y a p u n o v  d i m e n s i o n  Dl a s  a  f u n c t i o n  o f
x  f o r  x  i n  t h e  r a n g e  1 0 . 0  t o  9 0 . 0  w i t h  i n c r e m e n t s  o f  2 0 . 0 .
f u n c t i o n  o f  A  f o r  A  i n  t h e  r a n g e  1 . 0  t o  1 2 . 0  
w i t h  i n c r e m e n t s  o f  1 . 0 .






F I G .  7 . 1 7 .  T h e  L y a p u n o v  e n t r o p y  K l  a s  a  f u n c t i o n  o f  x  f o r  
x  i n  t h e  r a n g e  2 0 . 0  t o  2 00 . 0  w i t h  i n c r e m e n t s  o f  2 0 . 0 . ( b )  
Kl  a s  a  f u n c t i o n  o f  A  f o r  A i n  t h e  r a n g e  1 . 0  t o  1 2 . 0  w i t h  
i n c r e m e n t s  o f  1 . 0 .
l i n e a r l y  i n c r e a s i n g .  N o t e  t h e  c h a n g e  i n  s c a l e  b e t w e e n  t h e s e
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D o e s  t h e  d i s c r e p a n c y  b e t w e e n  t h e s e  p l o t s  i n d i c a t e  a
d i f f e r e n c e  i n  t h e  n a t u r e  o f  t h e  c h a o t i c  b e h a v i o u r ?  T h e r e  i s  
a  d i f f e r e n c e  b e t w e e n  a  v a r i a t i o n  o f  t h e  p a r a m e t e r  r  a n d  a  
v a r i a t i o n  o f  t h e  p a r a m e t e r  A T h e  m a x im u m  a m p l i t u d e  o f  X ( t )  
i s  e s s e n t i a l l y  i n d e p e n d e n t  o f  z  b u t  i n c r e a s e s  w i t h  A .  I n  
b o t h  c a s e s  t h e  l o c a l  r a t e s  o f  e x p a n s i o n  i n  e a c h  d i r e c t i o n  
a r e  s m a l l  c o m p a r e d  t o  t h i s  m a x im u m  a m p l i t u d e  o f  X ( t ) .  T h i s  
w o u l d  i n d i c a t e  t h a t  t h e s e  h i g h l y  d e l a y e d  a t t r a c t o r s  
o b t a i n e d  f r o m  a  v a r i a t i o n  o f  z  o r  A h a v e  a  s i m i l a r  n a t u r e .
7.8 CONCLUSION
T h i s  c h a p t e r  h a s  i n v e s t i g a t e d  t h e  c h a o t i c  b e h a v i o u r  o f  
f i r s t - o r d e r  D D E ' s  w i t h  a  s i n g l e  d e l a y  i n  t h e  p a r a m e t e r
s p a c e  A  a n d  t .  T h e  d e v e l o p m e n t  o f  t h e  c h a o s  a s  t h e  
p a r a m e t e r  z  o r  A i s  i n c r e a s e d  p r o c e e d s  w i t h  a  H o p f  
b i f u r c a t i o n  a n d  a  c h a n g e  i n  c o m p l e x i t y  o f  t h e  s t r u c t u r e  o f  
t h e  a t t r a c t o r  w i t h  a n  a s s o c i a t e d  c h a n g e  i n  d i m e n s i o n .  F r o m  
a  d i m e n s i o n  a n d  P o i n c a r e  s e c t i o n  a n a l y s i s  e v i d e n c e  h a s  b e e n  
o b t a i n e d  t o  a s s o c i a t e  t h e  c h a n g e s  i n  s t r u c t u r e  o f  t h e  
a t t r a c t o r  t o  a  C a n t o r  s e t .  A l t h o u g h  i t  i s  n o t  p o s s i b l e  t o  
o b t a i n  t h e  p r o p e r t i e s  o f  t h i s  C a n t o r  s e t .  T h e  l o w  d i m e n s i o n  
a t t r a c t o r s  a r e  q u a l i t a t i v e l y  s i m i l a r  t o  t h o s e  f o u n d  i n  
s y s t e m s  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .
T h e r e  i s  n o  l i m i t  t o  t h e  d i m e n s i o n  o f  t h e  a t t r a c t o r s  
i n  t h e s e  i n f i n i t e  d i m e n s i o n a l  s y s t e m s .  T h e  n a t u r e  o f  t h e s e  
h i g h l y  d e l a y e d  a t t r a c t o r s  f o r  b o t h  A a n d  t  i s  s u c h  t h a t  
t h e y  h a v e  l o c a l  r a t e s  o f  e x p a n s i o n  i n  m a n y  d i r e c t i o n s .  T h e  
m a g n i t u d e  o f  t h i s  e x p a n s i o n  i s  s m a l l  c o m p a r e d  t o  t h e  
a m p l i t u d e  o f  t h e  t i m e  s e r i e s  X ( t )
I t  h a s  b e e n  s h o w n  h o w  t h e  f r e q u e n c i e s  i n  t h e  p o w e r
s p e c t r u m  r e l a t e s  t o  t h e  p e r i o d  o f  t h e  o r b i t .  T h i s  s h o u l d  
p r o v e  u s e f u l  i n  f u r t h e r  s t u d i e s  c o n n e c t e d  w i t h  t h e  





O ne  o f  t h e  m a i n  t h e m e s  o f  t h i s  t h e s i s ,  h a s  b e e n  t h e  
s t u d y  o f  t h e  e v o l u t i o n  o f  s t r u c t u r e  w i t h i n  t h e  c h a o t i c  
a t t r a c t o r s  o f  t e m p o r a l  c h a o t i c  s y s t e m s .  T h i s  e v o l u t i o n  o f  
s t r u c t u r e  m  a  t w o  d i m e n s i o n a l  h y p e r b o l i c  b a k e r  m ap  w a s  
a n a l y z e d  a n d  q u a n t i t a t i v e l y  r e l a t e d ,  v i a  i t s  f ( a )  s p e c t r u m ,  
t o  a n  a s s o c i a t e d  C a n t o r  s e t .
M o s t  d y n a m i c a l  s y s t e m s  d o  n o t  h a v e  a  c o m p l e t e  s e t  o f  
p e r i o d i c  o r b i t s .  T o  s i m u l a t e  t h i s  t y p e  o f  s y s t e m  a  m o d i f i e d  
f o r m  o f  t h e  b a k e r  m ap  w a s  a n a l y z e d .  T h e  a t t r a c t o r s  o f  t h i s  
m ap  w e r e  d i r e c t l y  r e l a t e d  t o ,  a n d  c h a r a c t e r i z e d  b y ,  a  
p r u n e d  C a n t o r  s e t  I t  w a s  s h o w n  t h a t  t h e  f ( a )  s p e c t r u m  o f  
t h e s e  p r u n e d  C a n t o r  s e t s  h a v e  t w o  p r o p e r t i e s  d i f f e r e n t  f r o m  
n o r m a l  C a n t o r  s e t s :  o n e ,  t h e  m a x im u m  o f  t h e  f ( a )  s p e c t r u m  
i s  a f f e c t e d  b y  t h e  d e g r e e  o f  p r u n i n g  a n d ,  t w o ,  t h e  w i n g s  o f  
t h e  s p e c t r u m  c o n v e r g e  n o t  t o  o n e  b u t  t o  a  s e t  o f  d i m e n s i o n s  
g r e a t e r  t h a n  o n e
N o n u n i f o r m  h y p e r b o l i c  s y s t e m s  i n c l u d e  t h e  t o r a l  a n d
c i r c l e  m a p .  U s i n g  t h e  u n s t a b l e  p e r i o d i c  o r b i t s  o f  t h e  o n e
d i m e n s i o n a l  c i r c l e  m a p ,  w e  h a v e  i l l u s t r a t e d  t h e  m e c h a n i s m
f o r  c h a o t i c  b e h a v i o u r  w h i c h  i s  i n d e p e n d e n t  o f  r o u n d  o f f
e r r o r s  a n d  n u m e r i c a l  p r e c i s i o n .  N o n u n i f o r m i t i e s  a l o n g  t h e
u n s t a b l e  m a n i f o l d  r e s u l t e d  i n  a  n o n c o n s t a n t  D s p e c t r u mq
w h i c h  c a n  n o t  b e  i n f e r r e d  f r o m  t h e  d i m e n s i o n  o f  t h e
p e r i o d i c  o r b i t s  A d i s s i p a t i v e  t o r a l  m a p  w a s  a n a l y z e d  i n
d e t a i l  f o r  t h e  f i r s t  t i m e  M o r e  e f f i c i e n t  e s t i m a t e s  o f  t h e
D s p e c t r u m  w e r e  o b t a i n e d  b y  a  r o t a t i o n  o f  t h e  u n s t a b l e  q
m a n i f o l d .  T h i s  r o t a t i o n  h a d  t h e  e f f e c t  o f  d e c o u p l i n g  t h e  
C a n t o r  s e t  f r o m  t h e  a t t r a c t o r  New  r e s u l t s  c o n c e r n i n g  t h e  
u n s t a b l e  m a n i f o l d  s h o w  t h a t  t h i s  m a n i f o l d  d o e s  n o t  w i n d  
d e n s e l y  a r o u n d  t h e  t o r u s  b u t  c o n s i s t s  o f  a n  i n f i n i t e  n u m b e r
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of line segments. The evolution of structure for this 
system proceeds with an increase in complexity of the 
Cantor set and an increase in the Lyapunov dimension Dl 
from one to two.
Two dimensional Cantor set structures have been well 
documented in the literature. By analyzing a three 
dimensional dissipative toral map it has been shown that 
whenever two contracting directions compete in the 
formation of a strange attractor a two dimensional Cantor 
set is to be expected. As the structure of this set evolves 
there is a filling of phase space with a corresponding 
increase in the dimension . This is the first observation 
of this type of Cantor set in a dynamical setting.
Nonhyperbolic systems can display intermittent crises 
as the system evolves. The statistical behaviour near each 
crisis was investigated and lead to the analysis of a new 
type of intermittency that is present in both dissipative 
and non-dissipative systems. The numerical result for the 
critical exponent y are significantly less than the minimum 
theoretical value of y=1/2 for both a homoclinic and a 
heteroclinic tangency.
The intermittent systems that were examined in this 
thesis have important consequences for all types of 
intermittency. When the colliding orbit's unstable manifold 
is on the attractor, the distinction between a homoclinic 
and heteroclinic tangency is unclear. This is because it is 
not possible to decompose the chaotic attractor into 
individual manifolds. The theoretical evaluation of the 
critical exponent y is dependent on the stability of one 
particular orbit and this orbit may be non-dissipative even 
though the attractor is dissipative, which has obvious 
consequences for evaluating y .
F o r  a  t w o  d i m e n s i o n a l  c h a o t i c  a t t r a c t o r  w i t h  p o s i t i v e  
d i v e r g e n c e  t h e  d y n a m i c s  t a k e  p l a c e  o n  a  t w o  d i m e n s i o n a l  
u n s t a b l e  m a n i f o l d .  T h i s  n o n - d i s s i p a t i v e  a t t r a c t o r  c a n  b e  
c o n s i d e r e d  a s  a r i s i n g  f r o m  a  t h r e e  d i m e n s i o n a l  d i s s i p a t i v e  
s y s t e m .  W hen  A i + A 2> 0 ,  Dl  a s s u m e s  i t s  m a x im u m  v a l u e  o f  2 .
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S u r f a c e  a t t r a c t o r  h a v e  b e e n  o b s e r v e d  w i t h  D =D = 2 .  T h e
2 L
e v o l u t i o n  o f  s t r u c t u r e  m  t h e s e  n o n h y p e r b o l i c  s y s t e m  i s
c o n s i s t e n t  w i t h  t h e  c h a n g e s  m  d i m e n s i o n  a n d  e n t r o p y  f o r  
t h e  b a k e r  m ap  I n  c o n t r a s t  t o  t h e  i n t e r m i t t e n t  c r i s i s ,  a
p r o c e s s  h a s  b e e n  o b s e r v e d  t h a t  i n v o l v e s  t h e  g r a d u a l  m e r g i n g  
o f  a t t r a c t o r  p i e c e s .  T h i s  p r o c e s s  w a s  c h a r a c t e r i z e d  i n
t e r m s  o f  t h e  u n s t a b l e  p e r i o d i c  o r b i t s .
T h e  e v o l u t i o n  o f  c h a o s  i n  a  c o n t i n u o u s  i n f i n i t e  
d i m e n s i o n a l  d e l a y  d i f f e r e n t i a l  s y s t e m  w a s  c o n s i s t e n t  w i t h  
t h a t  o b s e r v e d  i n  t h e  d i s c r e t e  c a s e  f o r  b o t h  a  v a r i a t i o n  o f  
t h e  g a i n  A  a n d  d e l a y  r .  T h e r e  i s  n o  l i m i t  t o  t h e  d i m e n s i o n  
o f  t h e  c h a o t i c  a t t r a c t o r s  i n  t h i s  s y s t e m .  I t  w a s  f o u n d  t h a t  
t h e  d i m e n s i o n  i n c r e a s e d ,  o n  a v e r a g e ,  l i n e a r l y  w i t h  A  a n d  z ,
a l t h o u g h  t h e  e n t r o p y  i s  c o n s t a n t  f o r  i n c r e a s i n g  z  a n d
l i n e a r l y  i n c r e a s i n g  f o r  A .  T h e  n a t u r e  o f  t h e s e  h i g h l y  
d e l a y e d  a t t r a c t o r s  f o r  b o t h  A a n d  t  i s  s u c h  t h a t  t h e y  h a v e
l o c a l  r a t e s  o f  e x p a n s i o n  i n  m a n y  d i r e c t i o n s .
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